57. HanmonasiHa oJimMnuajia mo MaTeMaTuka
O6aacreH kpbr, 19—20 anpusa 2008 r.
YciaoBus u penieHus Ha 3aga4duTe 3a 12. KJjac

Banaga 12.1. B tpubrbana nupamuga ABC D okosauTe puooe DB n
DC ca pasan u ZDAB = ZDAC. Jla ce HaMmepu 00eMbT Ha IMHPAMEJIATA,
ako AB =15BC =14,CA=13u DA = 18.

Pemenne. Heka H e oproronajiHara npoekius Ha [ BbpXy paBHUHATA
(ABC). Twit kato ZDAB = ZDAC, 10 H nex)u BbpXy bIJIONOJOBSIIATA HA
/ZBAC (nokazxere!). Ot npyra crpana, or DB = DC caensa, ve BH = CH,
T.e. H jilexxu Bbpxy cumerpaJsara Ha orceukara BC. Twbit kato BA # AC,
To brionosiosmara Ha /BAC u cumerpasara va BC' ce mpecndyar BbpPXY
onucanara okojao AABC okpbxkuocr (mokaxkere!). Cremnosarentno H jexu
BbpXy Tasu okpbxkHOCT. Heka L = AH N BC. Toraa ANABL ~ ANAHC n

sHaun AH = Ai‘fc. Ot dopmynara 3a briomnojoBdamara Hamupame AL =

%\/@, re. AH = 2v65. Crenosaresino DH = AD?2 — AH? = 8. Ot
Xeponosara GpOpMyIa U3UNCIsABaMe, de S po = 84 1 mosrydaBaMe, e 00eMbT
Ha IupaMuara e 224.

OrnensiBane. 3 T. 3a JI0Ka3aTeICTBO, Y& H JIeXK1 BbPXY OIMcaHaTa OKOJIO
AABC okpbKHOCT, 3 T. 3a Hamupane Ha DH n 1 T. 3a Hamupane Ha obema.

Bamaua 12.2. /la ce HamMepsIT CTOMHOCTUTE Ha PeaJHHUS ITapaMeTbp a,
3a kouro rpacduxute na dbynknuure f(r) = 2? + a u g(r) = x> umar TouHo
eJiHa 00IIa JoIupaTeHa.

Pemenne. Tlonexe f'(r) = 2z u ¢'(r) = 322, To npasa t, KosaTO Cce
Jonupa Jio rpadgukuTe Ha f M ¢ CHOTBETHO B TOUKU (1,73 + a) u (w3, 73)
nMa ypasHenue y = x3+a+ 2z (r —x1) = x5+ 323(x — x3). Orryk 271 = 323
u 22 —a = 223, Torasa a = h(zy) = 3

Sx3 — 2x3. Ilpasara ¢ cbiiecTByBa
U e eJMHCTBEHA, KOoraTo ypaBHeHHeTo h(x) = a mMa TOYHO eJIMH peaieH
kopen. [lonexe h'(z) = 3x%(3z — 2), To dynkuusta h cTporo HamaIsBa
B uHTepBasa (—o00,2/3| u crporo pacre B unTepsasa [2/3,400). Tbit karo
lim, .+ h(x) = 400, cieapa, ye ypaBHenuero h(xr) = a uMa TOYHO €JMH
peasieH KopeH camo 1ipu a = h(2/3) = —4/27 (upu a > —4/27 To nma 1Ba
peasiHu KopeHa, a upu a < —4/27 HaMma peasieH KOpPeH).

OueHnsiBaHe. 2 T. 3a jiBeTe ypaBHeHUs Ha t, 1 T. 32 paBeHCTBOTO @ = h(Tg),
2 T. 32 HAMUPAHEe Ha HHTEPBAJINTE HA MOHOTOHHOCT Ha h 1 2 T. 3a JOBbPIIBAHEe
Ha PEIIeHHUeTO.

Bamaua 12.3. CobinecTByBa JI €CTECTBEHO UHCIO 7, 3a KOETO YUCIOTO
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Pentenne. He covmecrByBa. Heka g) + ¥ = (%)2, (a,b) = 1.
[Toarame d = (2008, n) u 2008 = pd, n = qd, kbuero (p,q) = 1. Torasa
(%) b2(p + pg?) = a*¢®. Toit kato (a,b) = 1 u (p* + pg®, ¢%) = 1, cnenpa, ve
V=@ up®+pi® =a® Orryk b =03, g = b? u p(p? + b}) = a®. Cera or
(p,p* + b)) = (p,b}) = 1 (rvit kKato (p,q) = 1) saxmouaname, 4e p = x> u
p?+bt =12 Orryk 2* +b] = y? u, KakTo € 106pe u3BecTHO, cilenBa, e = 0
wi by = 0, koeTo e nporuBopeune. [IporuBopeunero ciejBa u or dpaxra, e
p = 2% e memuren Ha 2008 = 23.251. OTTyK © = 1 Wi x = 2 U cTUTaMe JI0
1+ b = y* wm 16 + b} = y?, oTK'bETO JlecHo Tojiydasame, de by = 0.

3abesiexkka. 3ajiadaTa € JacTeH cjaydail Ha J100pe m3BecTHHA (hakT, de
(0,0) e ejuHCTBeHATa palMOHA/HA TOYKAa BbPXY eIMITHYHATA KpUBa y° =
3+ .

OnensBane. 2 T. 3a cBexkiane Jio (), 3 T. 3a ceexkiane jo x + b = y?
u 2 T. 3a IoJydaBaHe Ha IIPOTUBOpeYne.

Samadya 12.4. /la ce HaMepsaT BCUYKHM €CTECTBEHH YHUC/Ia ( TaKUBa, e
[V/n++v/n + 1] = [\/4n + a] 3a npoussosiHo ecrectBeno yucio n ([x] oznauasa
gaaTa 9acT Ha YUCJIA0TO T).

Pemenwue. [Ipu n = 3 umame, ye [/12 + a] = [2++v/3] = 3 u ciregosarenmo
a < 4. Cera mie mokazkeMm, Je qucjaarta ¢ = 1,2, 3 usmwbaagsar ycaosuero. C
HOCJIEIOBATEHO MTOBIUTaHe Ha KBAJIpaT JIECHO CJIe/Ba, e

(*) VAn+1<vVn+vVn+1<Vin+3

3a Begko n € N. Jla npegmnosioxkuM, ge v/4n + 1 < m < v/4n + 3 3a HiIKOH
m,n € N. Torasa m? = 4n+2 nim m? = 4n+3, KoeTo e HeBbL3MOKHO, 3aI[0TO
m? nasa ocrarbk 0w 1 npu genenue na 4. Cnenosaresno [/n++/n + 1] =
[V4n + a] npu a = 1,2, 3.

OnensiBane. 1 1. 3a ToBa, Ue a < 4, 3 T. 3a J0Ka3aTEJICTBO Ha, HEPABEHCTBOTO
(%) u 3 T. 32 JOBBLPIIBAHE HA DEIIEHUETO.

Banaga 12.5. Brucanara 8 AABC OKpbKHOCT ce JIONHUPa JI0 CTPAHUTE
BC, CAwu AB cvorBerto B Touku Ay, By u Cy. I3BecTHo €, e npasara A B
pasmosioBsia orcedkata C'CY. Jla ce HaMepsaT bIVIUTE HA TPUHI'bJIHUKA, aKO
TEXHHUTE CHHYcH 00pa3yBaT apuTMETUYIHA ITPOIPECHUs.

Pentenwne. [lle uznon3same cranjgapTHUTE O3HAYCHUS 3a €JIEMEHTUTE Ha




AABC. IlpaBara A;B; pasnonossBa orcedkara C'C; TOYHO KOraro

SAlBlC = SAlBlcl = AlCBlC sin7 = A101.3101 sin(90° — ’}//2) =

(p_C)ZSin% = 2p=b)sin 5 (p-a) Sin% & cof? % Sin% = 2cot§Sin§Cot % Sin%
@COSQ% = QSin%cosgcos% (:)COSZ% = sin% <cosa;ﬁ +cos&;ﬁ> o
cos? %—sinQ% = sin%cos a ; b & 2008y = sin W—Fsinw &

(%) 2cosy = cos 3 + cos .

B gacthoct, a < v < B wim a > v > 3. ToraBa or ycjaoBHETO CJiejiBa,
ge 2siny = sin § + sin a. [loBaurame ToBa paBeHCTBO 1 (*) Ha KBaJpaT U
rn cubupame. Or ThKIeCTBOTO Sin’x + cos’z = 1 mosydasame, ue 1 =
cos accos 3 + sin asin f = cos(av — (3). OTTyK JecHO ciefBa, e o = =y =
60°.

OunensiBaHe. 5 T. 3a [OJly9aBaHe HA PABEHCTBOTO (%), OT KOUTO 2 T. 3a
27 = 2sin  cos g cos §, M 3 T. 33 JOBBPIIBAHE Ha PEIICHUETO.
KomenTap. Ako npejnosnoxum, e o < v < [ wm o > v > (3, 1O

otB cos =8 — 2gin 2 cos 2 o

sin a+sin § = 2sin+, T.e. sin <= cos %5 5 5, OTK'BJIETO COS ~5= =

2
2sin 2. Orryk u pasencrsoro cos® 2 = sin 7 (sin 7 + cos %%) (B2K. pereHneTo)
Hostydasame, de cot? % = 3. Toraga JiecHo ciesBa, 1e o = 3 = v = 60°.

Takbe noaxox (6e3 JokasarencrBo, e sina + sinf = 2sinvy) ga ce
OIlEeHsIBa C D T.

3amaua 12.6. Heka R e maokecTBOTO Ha peaynuTe yucia. /la ce namepsar
sewuku bynkuun f : R — R takasa, ue f(z+y?) > (y+1)f(x) 3a npousossn
z,y € R.

Pemntenne. [lonexe f(x) > 0.f(x — 1) =0, 10

fla+y) > W+ f(x) > flz), y=>0

u 3Ha4n f e pacrsma dynknua. Heka ag = by = 0, a, = D>, z nb, =
S, % Twit karo f(x +y?) — f(x) > yf(x), To

[z + a) > f(z)
k+1 ~k+1

COSs

flx+ap) — flr+ar) >

Karo cbbepem nousernno tesu nepasenctsa 3a k = 0,1, ...n—1, nosydaBame,
e f(z + a,) — f(z) > b, f(x). KakTo e q06pe n3Becrno, a, < 2 3a BCAKO N,
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nokaro b, — oo (mokaxere!). Torasa f(z + 2) > (1 + b,)f(z) u rpanuyen
npexo/ mokasea, de f(z) < 0. Or apyra crpana, f(x) > 0 u ciegoBaTesHO
f(x) = 03aBesko x. Tasu GyHKIWS OUEBUIHO U3IIbJIHSIBA JIAJIEHOTO YCJIOBHE.

OneunsiBane. 1 1. 3a f > 0, 1 7. 338 MOHOTOHHOCTA Ha f, 2 T. 32 HEPABEHCTBOTO
flx+a,) > (1+b,)f(x) u3 1 3a g0BBPIIBAHE HA PEIIEHUETO.

Kowmenrap. Ciej; ycraHOBsiBaHE HA HEOTPUIIATETHOCTTA U MOHOTOHHOCTTA,
Ha [ HermoJIOKUTEJIHOCTTAa Ha [ MOXKe Ja ce JoKaxke M Taka. Vmame, de
W > %, y # 0. llonexe f e MmoHOTOHHA (DYHKIIMS, U3BECTHO €, Ue
TSI UMa, IIPOU3BO/IHA 34 IIOYTH BCUYKHU I; B YACTHOCT, 32 BCAKO T OT HAKAKBO
HeorpaHW9IeHo oTrope MHOXKecTBOo A. 3a © € A mpm y — 04 cienBa, 1e
f(x) <0. Ocrasa jma cbobpasum, ve 3a Besiko o € R cbiecrBysa y > 0 rtaka,
e  +y*> € Aurorasa 0 > f(x+y?) > (y+1)f(z) > f(z).

Bropo pemenne. Kakro no-rope Buxkmame, de f(x) > 0. Ba xz > 0 u
k=0,1,...,n— 1 nmame, 1e

()2 (B (6-29)

YMHOXKaBaMe MMOUJIEHHO TE3N HEepaBEHCTBa U I10Jy4YaBaMe, e

o) a0z (1445

t\" !
[Tonexe (1 + —) — e, 10 (1 + \/E> — 400 pu = > 0. CriegoBaTeHO
n n

f(z) <0 upu x > 0. 3a npoussono & nzbupame y > 0 taka, ue x +y? > 0 un
OT M3XOJHOTO HepaBeHCTBO 3ak/aodaBame, de f(z) < 0. Orryk f(x) = 0 3a
BCSIKO .

OnensiBae. 1 7. 3a f > 0, 2 = 3a (%) u 4 T. 3a JoBbBpHIBaHE HA
PEITIeHnETO.

KowmenTap. Broporo perienne 1mo3BosisiBa ja HaMepuM BCUUKH (DYHKIIIH
f R — R rakaBa, ue f(x +y) > (y + 1)f(x) 3a upousosnu z,y € R.

Haucruna, kakro mo-rope, noixydasame, de f > 0, f(x) > (1 + E) f(0)
n

u f(0) > (1 - %)n f(z). Ionexe (1 + %)n — e*, cnensa, ue f(r) =
f(0)e*. ObpatHo, 3a Besiko ¢ > 0 dynusTa f(x) = ce” u3mbiHsIBa Ja€HOTO
yciIoBue, nonexe eV > 1+ y (mokaxere!).

Asropn Ha 3agaunTe: Oster Mymrkapos - 12.1, 12.3, 12.4, Hukounait Hukosos
- 12.2, 125, 12.6.

Bpomypara e noarorsena or Hukostait Hukosos.



