MUWHNCTEPCTBO HA OBPAZOBAHMETO N HAYKATA

56. Penybnukancka Onumnuana no Maremaruka
Ob6nacren kpor, 14-15.04.2007 1.

YcnoBus m pemeHus Ha 3amaduTe 3a X Kiaac

1. ITa ce HaMepAT BCUYKUN CTOMHOCTU HAa I, 3a KOUTO € MU3II'LJHCHO HEPABECHCTBOTO

vV—2?2+6x+1+5x—15 S
2¢ — 5 -

2.

Pewenue. JlomycTuMuTe CTORHOCTH 3a 2 Ce HOIYYABAT OT ycaoBuaTa —r2+6x+1 > 0
u 2z — 5 # 0. Tosa ca Beuurn z € [3 — /10, 32) U (3,3 + /10].

1 caywati. Hera x > g Torasa mmame

vV—z24+6x+1>—x+5.

Axo x > 5, TO HEPABEHCTBOTO € OUEBUIHO M3II'LJIHEHO TLH KATO JABATA CTPAHA
€ MOJIOKUTETHA, a IfACHATa — orpurnarenna. Ako r < 5, moBaurame B KBAIPAT U
nonyuasame 2 — 8z + 12 < 0, Te. x € [2,6]. Pemenue B TO3M Ciaydail e BCAKO
z € (5,6].

2 cayuati. Hera x < % Cera vV —22 + 6z + 1 < —z+5. IlacHaTta cTpaHa € MOJOKUTETHA
U MOMKeM Ja MOBAWTHEM B KBaapT. llomyuasame 22 — 8z — 12 > 0, T.e. o € (—00,2] U
[6,+00). B T0o3u cayuaii pemenue e Bcsako z € [3 — /10, 2].

Oxoruatesso = € [3 —/10,2] U (2, 6].

2. Ilapnen e AABC, B xo#ito ¢ D, E u F ca 0O3HaueHV NONUPHUTE TOUYKUA HA BLHIIHO
BOMCAHUTE OKPLKHOCTUA CLOTBETHO KLM crpamute BC,CA u AB.
(a) Ia ce mokaske, ue npasure AD, BE u C'F ce npecuyar B €IHA TOUKA.

(b) Arxo npeceunara touka ua npasure AD, BE u C'F ne&u BLPXY BIMCAHATA OKPDK-
HOCT 3a TPUBLI'LJIHUKA, 1a CEe NOKAKE, Ue MEePUMETDHLPDHLT MY € UeTUPHU MHLTU HO-TOJIAM
OT Hali-MajJKaTa My CTpaHA.

Pewenue. (a) Hera a, b, c ca ILIGKMHATE HA CTPAHUTE HA CTPAHUTE HA TPUDLI'LJIHUKA.
Ot cpolicTBaTa Ha monupaTesHuTe orceuku umame AF = p—b, BF = p—a, BD = p—c,
CD=p—b,CE=p—a, AE = p— c ¥ TBLPIEHUETO CJIEABA OT Teopemara Ha Yesa.



(b) Be3 orpannuenue Ha obmHOCTTA HEka b e Hali-mankara crpana B AABC. Ila
osHauuM mpeceunara touka Ha AD, BE u CF ¢ N. Heka ocsen TtoBa P,QQ u R
ca DOMUPHUTE TOYKU HA BLTPEIIHO BIUCAHATA OKPBLKHOCT CHOTBETHO CHLC CTPAHUTE
AB, BC u AC. Jlecno ce cbobpa3ssBa, ye N sexu Ha abrara P(Q), Hech Ibprkalna TO-
ukara R. V3BecTHO €, ue ako QQ’ e nmaMeTLp Ha BLTPENIHO BIMCAHATA OKPLKHOCT,
to Q' neswm ma AD. (Ia ce morawxe!) V3nmosmssafikum ome BeTHDLK TO3M PE3yJITAT,
nosygyasame, ue RN e muamernp Ha BnmcaHaTa okpbikHOCT. Cremoatermno RQ'NQ
e npaBobruauauk. Cera JOAD = Z/CDA, orkbaero p—b =0 u 2p = 4b.

EcrtectBenure uucaa aj,as,...,a,, n > 3, ca TakuBa, 4ye

Gn + a2 a1 +asg an—1+ a1
by = b = yeeybp = ———

al a9 Qp,

ca neau vuciaa. a ce moraske, ue by +bo+ ...+ b, < 3n—1.

Pewenue. Iamgyruus mo n. 3a n = 3 MOKEM [a IPENIOIOKNAM, Ue (3 € HAKR-TOIAMOTO

OT uwmcaara aj,as,as. Vimame by = (a2 + ay)/ag < (ag + ag)/az = 2. Cuenmosaresnso

b3=2 (a1 =a2=ua3) u S =6 um bs =1 (a; +az =a3). BB Bropus ciyuai
ag+az a1+ 2ap 2a9 ay +az  2a1+ag 2aq

ai ai ai as ag ag

Toit kato (2a2/a1)(2a1/az) = 4 nonyuasame, de 2as/a; = 1,2 uau 4. BuBceru ot
Te3u Tpu caydas umame S < 8.

Heka n > 3 u meka cMe mokaszauau TBLPACHUETO 3a 1 — 1 4UmMciaa. 3a [Oa MOKEM 1a
MIPWIOKNM WHIYKIMOHHOTO NOIYyCKAaHE, T.€. Je

Ap—1 + a2 +a1—i—a;>, +an_2+a1
ai a2 Gp—1
= b +b+... 4+, <3n-1)—1,

n—1

S

TpsAbBa Na CMe CUIypHH, de duciara b, ca mesu, T.e. 4e JUCIaTa

; _ Qp—1+ a2

o =2 +ap
1 — ’ n—1 —

ai Gp—1
ca neau. Heka a, € MAKCUMAJHOTO OT YUCIATA Ayn_1,0n,01. lorasa

bn:anfl‘kal <an+an:2

Gn Gn

u b, =1 nmm 2. Ako b, =2 umame a3 = ap—1 = Ay, T.€. by =by 1 b, ; =b,—1. OrTYE
clenBa, de
S=84b,=54+2<3n—-44+2=3n-2.



Axo b, = 1 umame ay + a,,—1 = a,, ¥ CIEAOBATEIIHO
n 1 n—1 n

b — an + az _ an—1+ a1 + az :1+an—1+a2 — 140,
al aq ai
by, — an—2 + an _ On—2 + a1+ ap-1 1y Ap—2 + a1 .
An—1 Ap—1 An—1

Yucaara b'1 u b;L_l ca IeJu U, CIEeNOBATEHO, ChbIIIACHO WHAYKINOHHOTO NOIYCKAHE

S=by+by+...4+bp1+1=1+b)+b5+...4+(1+b, 1)+1=5+3<3n-1.

. Ila ce HaMepAT CTOMHOCTUTE Ha peaJHUA HapaMeTbLp @, 3a KOUTO ypPaBHEHUETO
logx—a(x + CL) =2

Ma TOYHO €0HO pelnIcHUe.

Pewenue. Ilomarame y = r — a. 3amavara € €eKBUBAJEHTHA HA TOBA Ha ONPEIEIIUM,
33 KOM CTOMHOCTU Ha peajiHusA IapaMeTbhp a yPaBHEHUETO logy(y + 2a) = 2 uma
€IMHCTBEHO pelleHne. 10Ba € €eKBUBAJIEHTHO ChC CBHIIECTBYBAHETO HA €IUHCTBEHO
pemenue #a Y2 — y — 2a = 0, yaoBIeTBOpABAIO ycaoBuaTa y > 0, y > —2a, ¥ # 1.

1. cayuat. D =14 8a =0. Torasa a = —1/8 u mocrurame no pemenuero y = 1/2,
KOETO OYEBUIHO yAOBJIETBOPABA yCJIOBUATA.

2. cayuati. D > 0, Te. a > —1/8. Hera f(y) = y> —y — 2a. Axo a € (—1/8,0],
10 —2a > 0 1 HEOOXOUMO U NOCTATLUYHO YCIOBUE € —2a N JIEKU MEKILy KODEHUTe
ma f(y), T.e. f(—2a) = 4a® < 0, nporuBopeune. Axo a € (0,400], T0 —2a < 0 u
HEOOXOAMMO U HOCTATBLYHO ycaoBue e () na KM MeKILy KODEHUTEe Ha TPUUJIEHA, T.€.
f(0) = —2a < 0, KOeTO € U3I'LIHEHO.

OxoHuaTeNHO THpCeHuTe cTofiroctu ca a € (0,+00) U {—1}.

. Ila ce mamepu GPOAT Ha ABOWKWTE OT €CTECTBEHU uucJa (m,n), KOUTO Ca PEIIeHUs
Ha cUCTeMaTa

47" — 48" +1=0 (mod 61)
3m 4+ 2n = 1000

Pewenue. Jlecuno ce mposepsBa, ue 482 = 47 (mod 61) u 485 = 1 (mod 61). Cue-
JOBATEJIHO, CPABHEHMETO OT YCJOBMETO MOME Ha ObIe 3amMCaHo BLB Buaa 4827 —
48" + 1 = 0 (mod 61). Upes HenmocpencTBeHa IpOBEPKa yCTAHOBABAME, Y€ 1 HE Ce
nesau Ha 2 u Ha 3. CraenoBaTesHO OT

0=48" — 1 = (483" — 1)(48" + 1)(48%" — 48" + 1) (mod 61)



nonyuaBanme, de (482" — 48" + 1) (mod 61). Cera 48%™~") = 1 (mod 61), orkDbIETO
m =n (mod 3). Toit kaTo n He ce nenu HA 2 ¥ 3, HOJNyYaBaAMe CJIETHATE BHL3MOKHOCT
3a M U n:

m = 6k+1,n = 6k+1, m = 6k+4,n = 6k+1, m = 6k+2,n = 6k+5, m = 6k+5,n = 6k+5.

Y pasuerueTo 3m+ 2n = 1000 uma pemenue Touno koraro m = 6k+2,n = 6k+5. Ilo-
HaTaTbk uMmame 3(6k +2)+2(6/+5) = 1000, orkbaero 3k + 20 = 164. Pemenus, kourto
Cca eCTEeCTBEHM 4YWCJia Ha MOCJIENHOTO ypaBHeHue ce moaydasatT 3a k = 0,2,4,...,54,
T.€. obmuAT UM Opoii e 28.

Ianen e mpasuien 16-wroauuk AjAs... A1, BLPXOBETE HA KOUTO JEKAT BLPXY
OKPBKHOCT k ¢ eHTsp O. Bb3Moxkuo mu e ma 6baar n3bpanu yacT OT BLPXOBETE HA
IMEeCHAMECETOLI'BIHUKA, TAKA Ye IPU MOCIEIOBATEIHO 3aBLpTane O0koa0o O Ha BLIIU
3?20 , 2- 3?20 s eeey 16- %, OTCEUYKUTE, CBLP3BAINY U3OPAHNTE TOUKU [ OMUIIAT BCUYKA

CTpaH1 U JaTr'OHaJIU Ha 16-LIrLIHNKA TOYHO IIO aBa nLTr?

Pewenue. 3amauara MOoke ma ce npedopMyJUpa Taka: CDLIECTBYBa JU IIOIMHOM-
ecrBo Ha {0,1,...,15}, 3a KOETO BCEBBL3MOXKHUTE Pasauku a; — a; (mod 16) onmcsat
TOYHO IO ABA O'LTU BCUYKU HEHyJIeBU ocTaTbiu. OUeBUIHO €, Ue TLPCEHOTO IOI-
MHO:KECTBO € 6-eJIEeMEHTHO.

Ha osmauum ¢ m;, ¢ = 0,1,2,3, Opos Ha yMciaaTa B TLPCEHOTO MHOMKECTBO, KOUTO
aBaT OCTATbK ¢ npu meseHe Ha 4. Mmame Y m; =6, Y m;(m;—1) =6, > mim;11 =
dSomimipe = > mimiys = 8. OTTyk noaydyaBame IBe BL3MOMKHOCTHU:

(m07m17m27m3) - (37 17 17 1)7 (1737 17 1)7 (17 1737 1)7 (17 17 17 3)

nJaIn

(mO, miy,ma, m3) = (07 27 2a 2)5 (27 07 25 2)& (27 27 07 2)’ (2’ 27 27 0)

Heka toupcenoro muoxkectso e A = {ajy,...,ag}. DBe3 orpannuenme Ha 0OGIHOCTTA
MOYKEM 118 CUATAME, Ue YETUPU OT YUCJATA a; Ca JYeTHU, a ase HederHu. OcBeH ToOBa
Mo:keM ma mpuemeM, ue a1 = 0, a a9, as, a4 Ca OCTAHAJIUTE UETHU YMUCTa. Paszaurure
a; — a; (mod 16), 1 < 4,5 < 4 omnucBar BCUYKM YETHU OCTATDLUM IO ABA IILTU C
M3KJIIOYEeHUe Ha nBa. Jluncsamure ocrarnLou ca:

(1) 2 m 14; (i9) 4 m 12, (i%9) 6 u 10, (iv) gBa TbLTH 8.

Cuyuait (iii) e cKBUBAJICHTHEH Ha Ciyd4ail (i), TbKa TO Ce IOJydaBa OT HErO 4pe3
YMHOKEHHUE ¢ 3 MO MOAyJa 16. 3a ympocTABaHE MOKEM Na pasTiIeskIaMe MHOKECTBO
B = {b1,b2,b3,b4}, b; = a;/2, c enemenTu ot {0, 1,...,7} B KOETO JUNCBAIIUTE PA3IUKA
no Moxys 8 ca pasmukure or (i)—(iv) pasmesenu Ha 2. OcCBeH TOBa BDLB BCUYKU
cayuyau MoxkeM na cumrame bg =0, by = 1.



Jlecno ce nosyuasa, de B cayuait (i) nmame B = {0,1,4,6}, B cayuait (i) — B =
{0,1,4,7}, a cayuaii (iv) e HeBBL3MOKeH. Taka moaydyaBame ABe BL3MOKHOCTHU 3a A:

(1) A=1{0,2,8,12,z,y};
(2) A={0,2,8,14,z,y},

KDBLIOETO T,y Ca OBE HEUETHU YMCJa PA3IUYaBaIlU C€ C 2 B ILPBUA U 4 BLB BTOPUS
cayuaii. C HemocpencTBeHa IPOBEPKa ce yOexkmaBame, Ue KakKTO U Oa u3bupame
HEUYEeTHUTE YMCJa T,y He MMoJydYyaBaMe MHOMKECTBO C JKEJIAHOTO CBOMCTBO.



Kpurepuu 3a onensBane:

Samaua 1:
[TonyuaBame Ha TOYHUTE WUHTEPBAJIU 38 & — 7 TOUKH.

IIponyckane HA BBL3MOKHU CTOMHOCTU HA X — OTHEMAHE HA, 2 TOYKMU.

Samaua 2:

[Momycaosue (a) - 1 Touka

[Momycaosue (6) - 6 Tourwu.

Axo me e mokaszano, ue Q' neskm Ha AD, a TO3U (GaKT € U3MOJI3BAH HATOTOBO CE€ OTHEMAT
2 TOUKWU.

Sanaua 3: WMmes 3a u3mossBame Ha MHAYKIUA — 1 TOUYKA.

HoxrasBane ma 6a3aTa Ha UHIAYKIUAATA — 2 TOYKMH.

Jloka3Bane Ha MHAYKOVMOHHATa CTLIIKa — 4 TOUKM.

Samnaua 4:
Ceexxnane OO KBaIpaTHO YpaBHEHUE — 2 TOYKU.
OTkpuBane Ha CTOMHOCTTA @ = —% — 2 TOUKU.

Hamwupane Ha ocramasuTe CTOMHOCTA 33 @ — 3 TOUKU.

Samaua 5:
Hamupane Ha BCUYKM pelleHUA HA CPABHEHUETO — 4 TOUYKW.

Hamwupane ma Opost Ha pemeHUATa HA CPABHEHUETO, KOUTO YIOOBJIETBOPSIBAT U ypPaB-
HEHUETO — 3 TOUKU.

IIponyckane Ha BL3MOKHU PEIICHUS HA CPAaBHEHMETO — 1 MM 2 TOYKM B 3aBUCUMOCT
OT TOBAa, KOJKO Ca IPOIyCHATHU.

Sanaua 6:

[Ipedopmynupane Ha 3amayara KaTo 3a4ada 3a OCTATHIM IO Moaya 16 — 1 Touxa.

ITonyuaBame Ha BpDBL3KMA 3a pasmpemesieHre Ha OCTATLIUTE OT 6G-eJIeMEHTHOTO MHOMK-
€CTBO, KOeTo TpsabBa ma O0bae u3bpaHo - 2 TOUKU.

HanquBaHe Ha BEPHUsI OTTOBOD HE CE IIpeMUpa C TOUYKHU.
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X riac

1. ITa ce HaMepAT BCUYKN CTOMHOCTHU HA, I, 3a KOUTO € MU3II'LJHCHO HEPABEHCTBOTO

vV—z224+6x+1+5x—15 -
20— 5 -

2.

2. INanen e AABC, B ko#ito ¢ D, E u F ca 0O3HaueHV NONUPHUTE TOUYKUA HA BLHIITHO
BIMCAHUTE OKPLKHOCTU CLOTBETHO KbM crpanute BC,CA u AB.

(a) Ila ce mokaske, ue npasure AD, BE u C'F ce npecuyar B €IHA TOUKA.

(b) Ako npeceunara Touka Ha npasure AD, BE u C'F nexu BLPXy BOMCAHATA OKPLK-
HOCT 3a TPULI'BIHUKA, A3 CE€ HOKAaKE, Ue MEePUMETHPHT MY € YeTUPHU II'HLTU MO-TOJISIM
OT Hall-MaJKaTa My CTpaHA.

3. EcrecTBenure uucaa aj,as,...,a,, n > 3, ca TaKuBa, 4e

an + ag a1+ as ap—1+aq
b = ,bo = ey = ———

aq a2 09

ca nesm umcia. Ia ce morake, ue by +by+ ...+ b, < 3n—1.

Ten. 3a epsaxa: (02)979-2892
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X riac

1. ITa ce HAMEpAT CTOWHOCTUTE HA PEAJHUS NapaMeTLp G, 38 KOUTO YPABHEHUETO
log, o(z+a) =2
Ma TOYHO €JHO pelIcHUEC.

2. Ila ce Hamepu OGPOAT HA ABOWKUTE OT €CTECTBEHU UMCIA (M,N), KOUTO Ca PELICHUS
Ha CHCTeMaTa

47" — 48" +1=0 (mod 61)
3m 4+ 2n = 1000

3. Ilanen e mpaBusen 16-bronauk A1As...Ajg, BLPXOBETE Ha KOWTO JEKAT BLPXY
OKPBRHOCT k ¢ eHTsp O. Bb3MoxkuO i e ma 6baar n3bpanu yacT OT BLPXOBETE HA
IMEeCHAMECETOLI'BIHUKA, TAKA Ye IPU MOCIEIOBATEIHO 3aBLpTane Okoa0 O HA BLIIU
3?80 , 2- 3?20 s eeey 16- %, OTCEUYKUTE, CBLP3BAIY 3O PAHNTE TOUKU a4 OMUIIAT BCUYKA
CTpaHU U auaroHaiau #Ha 16-bILIHUKA TOYHO MO IBA THLTU!

Ten. 3a epssxa: (02)979-2892



