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Çàäà÷à 1. Íåêà n ≥ 3 å åñòåñòâåíî ÷èñëî. Äà ñå äîêàæå, ÷å óðàâíåíèåòî xn + yn = zn íÿìà

ðåøåíèÿ â åñòåñòâåíè ÷èñëà x, y, z çà êîèòî z ≤ 2n.

Ä-âî: Äà äîïóñíåì, ÷å ñúùåñòâóâàò åñòåñòâåíè ÷èñëà x, y, z ≤ 2n : xn + yn = zn.
Á.î.î. ùå ñ÷èòàìå, ÷å gcd(x, y, z) = 1.
Îò óðàâíåíèåòî ïîëó÷àâàìå gcd(x, y) = gcd(y, z) = gcd(z, x) = 1.
Ïîðàäè íåðàçðåøèìîñòòà íà óðàâíåíèåòî a3 + b3 = c3 â åñòåñòâåíè ÷èñëà, ùå ñ÷èòàìå, ÷å

gcd(3, n) = 1.

Ïúðâè ñëó÷àé: n = 2n1 + 1 e íå÷åòíî åñòåñòâåíî ÷èñëî. Àêî äîïóñíåì, ÷å x å ÷åòíî, òî

ïîëó÷àâàìå y, z ñà íå÷åòíè è z − y ≡ 0(mod 2n), êîåòî å íåâúçìîæíî, ïîíåæå z − y < z ≤ 2n.
Àíàëîãè÷åí å ñëó÷àÿ y ÷åòíî.
Ñëåäîâàòåëíî åäèíñòâåíàòà âúçìîæíîñò å z−÷åòíî, à x, y− íå÷åòíè.

Òîãàâà z = 2z1, (x+ y)(xn−1 − xn−2y + · · · − xyn−2 + yn−1) = 2nzn1 .
Ïîíåæå ÷èñëîòî xn−1−xn−2y+ · · ·−xyn−2+yn−1 å íå÷åòíî, òî 2n|x+y. Îòòóê çàêëþ÷àâàìå, ÷å
z1 å íå÷åòíî. Â ïðîòèâåí ñëó÷àé ùå ñå îêàæå, ÷å 4n|(x+y), êîåòî å íåâúçìîæíî. È êàòî âçåìåì

â ïðåäâèä íåðàâåíñòâàòà 2n ≤ x+y < 2z ≤ 2n+1 ⇒ x+y = 2n ⇒ ∃k : x = 2n−1−k, y = 2n−1+k.
Ñëåäîâàòåëíî k å íå÷åòíî è

(1) (2n−1 − k)n + (2n−1 + k)n = 2nzn1 ⇔

n−1
2∑
j=0

(
n

2j

)
2(n−1)(n−2j−1)k2j = zn1 .

Ïîðàäè x ≥ 3 è y = max {x, y} ≤ z − 1⇒ 2n−1 + k + 1 ≤ z = 2z1 ⇒ (2)

(2) 1 ≤ k ≤ 2n−1 − 3, 2n−2 +
k + 1

2
≤ z1 ≤ 2n−1 − 1

Çàïèñâàìå óðàâíåíèåòî âúâ âèäà yn = (z − x)(zn−1 + zn−2x+ ...+ zxn−2 + xn−1).
Âñåêè ïðîñò äåëèòåë íà (z − x) å äåëèòåë íà y, ñëåäîâàòåëíî âñåêè ïðîñò äåëèòåë p íà (z − x)
å äåëèòåë è íà (zn−1 + zn−2x+ ...+ zxn−2 + xn−1).

Íàèñòèíà, p|(z − x) ⇒ p|y ⇒ pn|yn ⇒ pn|(z − x)(zn−1 + zn−2x + ... + zxn−2 + xn−1). Íî
z − x < 2n < 3n ≤ pn.
Ñëåäîâàòåëíî p|(zn−1 + zn−2x+ ...+ zxn−2 +xn−1). Êàòî âçåìåì â ïðåäâèä, ÷å z ≡ x(mod p)⇒
0 ≡ zn−1 + zn−2x+ ...+ zxn−2 + xn−1 ≡ nzn−1(mod p)⇒ p|n⇒ p ≥ 5.
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Íåêà ps||(z − x). Aêî n1 + 1 ≤ s ⇒ 2n+1 = 22n1+2 = 4n1+1 < 5n1+1 ≤ pn1+1 ≤ ps ≤ z − x < 2n,
òàêà äîêàçàõìå, ÷å s ≤ n1. Ïîíåæå ðàçãëåæäàíèÿòà ãè ïðîâåäîõìå çà ïðîèçâîëåí íå÷åòåí ïðîñò
äåëèòåë p|(z − x), òî êàòî èçâîä ìîæåì äà çàïèøåì:

(3) z − x =
l∏

j=1

p
αj

j , 5 ≤ p1 < p2 < ... < pl, max
1≤j≤l

{αj} ≤
[n
2

]
= n1,

Ñúùî òàêà pai
i ||z − x⇒ pn−αi

i |(zn−1 + zn−2x+ ...+ zxn−2 + xn−1), êàêòî è αi ≤ n− αi ⇒

(4) zn−1 + zn−2x+ ...+ zxn−2 + xn−1 ≡ 0(mod pαi
i ), i = 1, 2, ..., l.

z ≡ x(mod pαi
i )⇒ 0 ≡ zn−1 + zn−2x+ ...+ zxn−2 + xn−1 ≡ nxn−1(mod pαi

i )⇒ pαi
i |n⇒ (5)

(5) n ≡ 0(mod
l∏

j=1

p
αj

j )⇒ (z − x)|n⇒ z − x ≤ n

Çàïèñâàéêè èçõîäíîòî óðàâíåíèå âúâ âèäà xn = (z − y)(zn−1 + zn−2y + ... + zyn−2 + yn−1) ïî
àíàëîãè÷åí íà÷èí äîêàçâàìå, ÷å

n ≡ 0(mod
t∏
i=0

qβi
i ), z − y =

t∏
i=0

qβi
i

(6) (z − y)|n⇒ z − y ≤ n

Èçïîëçâàéêè (2) ïîëó÷àâàìå 2n2 < 2n−1 + k + 1 ≤ z ⇒ 2n2 < z, ïðè n ≥ 8.

(7) 2n2 < z, 8 ≤ n

Èçïîëçâàéêè (7) äîñòèãàìå äî

(8) zn−1 + zn−2y + ...+ zyn−2 + yn−1 < nzn−1 <
( z

2n

)
zn−1 =

zn

2n

(9) zn−1 + zn−2x+ ...+ zxn−2 + xn−1 < nzn−1 <
( z

2n

)
zn−1 =

zn

2n
Íàêðàÿ, èçïîëçâàéêè (5)− (9) ïîëó÷àâàìå

(10) xn = (z − y)(zn−1 + zn−2y + ...+ zyn−2 + yn−1) < (z − y) z
n

2n
=
(
z − y
2n

)
zn ≤ zn

2

(11) yn = (z − x)(zn−1 + zn−2x+ ...+ zxn−2 + xn−1) < (z − x) z
n

2n
=
(
z − x
2n

)
zn ≤ zn

2

Òàêà ïîëó÷èõìå:

zn = xn + yn <
zn

2
+
zn

2
= zn, n ≥ 8.

Îñòàâà äà ñå ðàçãëåäàò ñëó÷àèòå n ≤ 7, ò.å. n = 5, n = 7, òúé êàòî n å íå÷åòíî è âçàèìíî

ïðîñòî ñ 3. Ëåñíî ñå äîêàçâà, ÷å óðàâíåíèÿòà x5 + y5 = z5, x7 + y7 = z7 íÿìàò ðåøåíèÿ â

åñòåñòâåíè ÷èñëà x, y, z ïðè ñúîòâåòíèòå îãðàíè÷åíèÿ z ≤ 25, z ≤ 27.
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Ðàçãëåæäàìå óðàâíåíèåòî xp + yp = zp, ïðè z ≤ 2p, p ≥ 5, êúäåòî p å ïðîñòî ÷èñëî. Ïî ãîðå
äîêàçàõìå, ÷å (z − x)|p, (z − y)|p, x + y = 2p. Òîãàâà z − y = p, z − x = 1, x + y = 2p ⇒
p|x, x− y = p− 1⇒ 2x = 2p + p− 1⇒ 2p − 1 ≡ 0(mod p), êîåòî å íåâúçìîæíî.

Âòîðè ñëó÷àé: n = 2n1 e ÷åòíî åñòåñòâåíî ÷èñëî. Á.î.î. ùå ñ÷èòàìå, ÷å n1 å íå÷åòíî. Â ïðîòèâåí

ñëó÷àé áèõìå äîñòèãíàëè äî óðàâíåíèå îò âèäà a4 + b4 = c4, êîåòî íÿìà ðåøåíèÿ â åñòåñòâåíè
÷èñëà.

Àêî äîïóñíåì, ÷å z å ÷åòíî, òî x, y ñà íå÷åòíè è xn + yn ≡ (xn1)2 + (yn1)2 ≡ 0(mod 2n).
Íî (xn1)2 ≡ (yn1)2 ≡ 1(mod 4)⇒ (xn1)2 + (yn1)2 ≡ 2(mod 4), ò.å. 4 íå äåëè xn + yn.

Îñòàíà ñëó÷àÿ z−íå÷åòíî. Òîãàâà òî÷íî åäíî îò ÷èñëàòà x, y å ÷åòíî. Á.î.î. ùå ñ÷èòàìå, ÷å

x = 2x1 å ÷åòíî. Ñëåäîâàòåëíî

xn = 2nxn1 = (z2 − y2)(z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1))⇒ z2 − y2 ≡ 0(mod 2n)

gcd(
z − y

2
,
z + y

2
) = 1,

z − y
2

z + y

2
≡ 0(mod 2n−2).

Òàêà òî÷íî åäíî îò ÷èñëàòà z−y
2 , z+y2 å ÷åòíî. Ùå ðàçãëåäàìå äâà ïîäñëó÷àÿ:

2.1
z+y
2 å íå÷åòíî. Òîãàâà z − y ≡ 0(mod 2n−1)⇒ 2n−1 ≤ z − y < z ≤ 2n ⇒ z − y = 2n−1.

Óðàâíåíèåòî ïðèåìà âèäà:

xn1 = (2n−2 + y)(z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1))

Ïîðàäè 2n−2 + y = (2n−1 + y)− 2n−2 = z − 2n−2 ≤ 3.2n−2 < 2n ⇒ çà âñåêè ïðîñò äåëèòåë p íà
2n−2 + y èìàìå z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1) ≡ 0(mod p).
Íåêà

2n−2 + y =
k∏
j=1

p
aj

j ; 5 ≤ p1 < p2 < ... < pk; max {a1, a2, ..., ak} ≤ n1 − 1.

Íàèñòèíà, àêî çà íÿêîå i ∈ {1, 2, ..., k} èìàìå ai ≥ n1 ⇒ 2n = 4n1 < 5n1 ≤ pai
i ≤ 2n−2 + y < 2n.

Ñëåäîâàòåëíî ∀i ∈ {1, 2, ..., k} ⇒ z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1) ≡ 0(mod pai
i ),

ò.å.

z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1) ≡ 0(mod
k∏
j=1

p
aj

j )

Îò äðóãà ñòðàíà

z ≡ 2n−1 + y ≡ 2n−2 ≡ −y(mod
k∏
j=1

p
aj

j )

Åòî çàùî

0 ≡ z2(n1−1)+z2(n1−2)y2+...+z2y2(n1−2)+y2(n1−1) ≡ n1y
2(n1−1)( mod

k∏
j=1

p
aj

j )⇒ n1 ≡ 0( mod
k∏
j=1

p
aj

j )
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Ò.å. (2n−2 + y)|n1 ⇒ 22n1−2 + y ≤ n1, êîåòî å íåâúçìîæíî.

2.2
z−y
2 å íå÷åòíî. Òîãàâà z + y ≡ 0(mod 2n−1) ⇒ 2n−1 ≤ z + y < 2z ≤ 2n+1 ⇒ z + y =

2n−1, z + y = 2n. Îòíîâî ðàçãëåæäàìå äâà ïîäñëó÷àÿ:

2.2.1 z + y = 2n. Èçõîäíîòî óðàâíåíèå å åêâèâàëåíòíî íà

xn1 = (z − y)(z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1))⇒ 2|x1 ⇒ 2n|z − y,

êîåòî å íåâúçìîæíî.

2.2.2 z + y = 2n−1. Óðàâíåíèåòî å åêâèâàëåíòíî íà

xn1 = (z − 2n−2)(z2(n1−1) + z2(n1−2)y2 + ...+ z2y2(n1−2) + y2(n1−1))

Çàïèñâàìå óðàâíåíèåòî âúâ âèäà

yn = (z − x)(z + x)(z2(n1−1) + z2(n1−2)x2 + ...+ z2x2(n1−2) + x2(n1−1))

Èìàìå gcd(z − x, z + x) = 1, z + x ≥ z+y+2
2 + 2x1 ≥ 2n−2 + 3.

Íåêà

z + x =
l∏

j=1

p
aj

j ⇒ 5 ≤ p1 < p2 < ... < pl, max {a1, a2, ..., al} ≤ n1 − 1.

Ñúùî òàêà y ≡ 0(mod p1p2...pl) è

z ≡ −x(mod
l∏

j=1

p
aj

j )

Aíàëîãè÷íî äîêàçâàìå, ÷å

0 ≡ z2(n1−1) + z2(n1−2)x2 + ...+ z2x2(n1−2) + x2(n1−1) ≡ n1x
2(n1−1)(mod

l∏
j=1

p
aj

j )

Oò gcd(x, y) = 1, p1p2...pl|y ⇒ p1p2...pl íå äåëè x. Òîãàâà

n1 ≡ 0(mod
l∏

j=1

p
aj

j )⇒ 22n1−2 + 3 ≤ z + x =
l∏

j=1

p
aj

j ≤ n1 ⇒ 4n1−1 + 3 ≤ n1,

êîåòî å íåâúçìîæíî. Äîêàçàòåëñòâîòî å çàâúðøåíî.
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