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Abstract: An elementary proof of the last theorem of P. Fermat, the famous French
Mathematician is shown in this paper. The proof has been given by algebraic method using
algebraic equations.
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Introduction: The famous French mathematician P. Fermat has invented and solved
many theorems in his life time (1601-1665 AD). At the last part of his lifetime, he proposed this
theorem, that is known as "Fermat's Last Theorem (FLT)". He did not show any solution of this
theorem. It comes to know that he has written comment in the margin of a book -- "I have got a
fine solution of this problem, but due to want of space in the margin, | cannot state there".

Theorem:  The equation, x"+y"=z" has no positive integral solution for n>2.

Solution: We can write, 2"y"=2"z"-2"x"

={(@)+(@0}"-{(2+9)-2-%)}"=(2) {C= + D= - D'}

Z—X Z—X

Let, {CEZ+1)"-CE - D)"={EE £ k)", where k#1. Then,
2"z"-2"x"=(z-x) ”(Z—z + k)"={(z+x)xk(z-X)}"=(z+x+kz-kx)",

or,  (z+x+kz-kx)"+2"x"-2"2"=£(k,x,z) (1)

And, (z+x-kz+kx)"+2"x"-2"z2"=f(k,x,z) 2)

Let, z=(r"+s"), x=(r"-s") or y=(r"-s"), r>s. Then we get from the equations (1) and (2),
2"(r"+ks")"+2"(r"-s")"-2"(r"+s")"= £ (k,r,s) ()

And, 2"(r"-ks")"+2"(r"-sM"-2"(r"+sM) "= f(k,r,s) 4)

Again we can write, 2"y"=2"z"-2"x"
=H{(@Z+)+(2-X)}-{(z+¥)-(z-X¥)}"=(z+x) "{(1 + g)”-(l - g)”}-

Let, {(1+ ﬂ)n'(l - %)n}=(c + %)n, where c#1. Then,

Z+Xx

2"7"-2"X"=(z+x) "(c + Z—z)”:{c(z+x)i(z-x)}”:(cz+cx+z-x)”,
or,  (cz+cx+z-x)"+2"x"-2"2"=f(c,x,z) (5)

And, (cz+cx-z+x)"+2"x"-2"z2"=f(c,x,2) (6)



Again we can write, 2"x"=2"z"-2"y"

={@)+Ey)) )@Y =y (S + D - D'}

+ + +
Let,  {C=+D™C2 - D'}=CZ £ h)", where hil. Then,

22"-2y'=(z-y) " & )"={(z+y)Eh(z-y)Y =(zy+hz-hy)',

or, (z+y+hz-hy)"+2"y"-2"z"=f(h,y,z) (7)
And, (z+y-hz+hy)"'+2"y"-2"z"=f(h,y,z) (8)

Again we can write, 2"x"=2"z"-2"y"

=H{(z+y)+(z-N}{(z+y)-(Z-y)}'=(z+y) {1 + %)”-(1 -2

z+y

Let, {(1+ %)n'(l - %)n}:(m + %)n, where m#1. Then,
2'7"-2"y'=(z2+y) "(m £ 2 ={m(z+y)(z-y)} =(mz+my+2-y)',

or, (mz+my+z-y)"+2"y"-2"2"=f(m,y,z) 9)
And, (mz+my-z+y)"+2"y"-2"2"=f(m,y,z) (10)

Again we can write, 2"z"=2"x"+2"y"
={OcHYPHOT OO =0eN) L + DM EE - 1),

Let, {(zt_z + 1)”"‘(% - 1)n}=(% + ¢)", where g#1. Then,

2"x"+2"y"=(x-y) ”(% + g)"={(x+y)£g(x-y)}"=(x+y+gx-gy)",

or,  (xty+gx-gy)"-2"x"-2"y"=f(g,x,y) (11)
And, (x+y-gx+gy)"-2"x"-2"y"=£(g,x,y) (12)

Again we can write, 2"z"=2"x"+2"y"

={(xHY)+(x-y) FHxHY)- () =xHy) (1 + %)”(1 - ="

x+y

X=Y\n X=Y\nq\ — X=Y\n
Let, {(1+ m) +(1 - m) 1=(b * m) , where b#1. Then,

2% +2"y"=(xy)" (b £ 1) ={b(x+y)(x-y)} =(ox+by+x-y)",

x+y
or, (bx+by+x-y)"-2"x"-2"y"=f(b,X,y) (13)
And, (bx+by-x+y)"-2"x"-2"y"=f(b,x,y) (14)



Now, we differentiate partially the equation (1) with respect to k, x, z respectively and

considering the differentiated equations are equal to 0 for obtaining minimum value, we get a

1+x” 1 k+1

or, z=X(,—; )1/(" D or, x= z( )1/(” )

suitable value, that is, k—

xn—1’

Putting the value of k in the equation (1) and get
{2 @) G )Y 222" i
Now we put fmin=0 and obtain the relation of x and z of this equation when n>2,
(2/x)" +(z/x)=2

Again, putting the value of z:x(k—tl)l/m‘l) in the equation (1) and get

k+1 k+1

X[{L-ke+ (ke 1) )M +2-2 =) "] = fimin (15)

Then fmin=0 for n=2 of the equation (15) when k=0.

Also putting the value of x= z( )1/(” D in the equation (1) and get

2"[{1+k-(k-1) ) Y42 ) D=2 = fimi (16)

k+1
Then fmin=0 for n=2 of the equation (16) when k=0.
Some other values of k, x, z are obtained from the equations (1) and (2) for n=2 and
fkx2)=0.Then,  k=2E5""-Z2)} and  k={(ZZ) - 25"y
[Examples: (i) For fmin=0, the minimum values are x=3, y=4, z=5, k=0, n=2.
(ii) Some other values are obtained such as, x=21, y=20, z=29, k=+(5/4), n=2.]

Again, we differentiate partially the equation (3) with respect to k, r, s respectively and
obtain the suitable results by the above way such as,

1+(-1) /(-1 (-1)V/(=D4q 1+(-1)V/(@m-D

—_ Nyan n— —_
k_-(r /S )1 r=s {1 (- 1)1/(n 1)} {( 1)1/(n 1)_ 1} k__{l—(—l)l/(n_l) i

Putting these values in the equation (3) and get

(_1)1/(11—1) 1
Zn(sn)n[{l_(_1)1/(n_1)}n _{1_(_1)1/(n_1)}n]:fmin (17)
1 (=1)1/(n-1) L
And, Zn(sn)n[{(_1)1/(n_1)_1}n _{(_1)1/(n_1)_1}n]—fmln (18)

Then we find that fmin=0 of the equations (17) and (18) when n=2.

Similarly, we can derive by the same way as described before and get several equations
for n>2 and fmin=0. The equations are listed below:

From the equation (1), (2/x)" +(z/x)=2 (19)
From the equation (2), (2/x)" +(z/x)=2 (20)
From the equation (5), z=X, (but z>x) (21)
From the equation (6), 2(z"'+z"%x+....+x")-(z"x+ 2"3x%+....+2zx"%)=0 (22)

From the equation (7), (zly)"+(zly)=2 (23)



From the equation (8), (zly)" +(zly)=2 (24)

From the equation (9), z=y, (but z>y) (25)
From the equation (10), 2(z"+z"2y+....+y"™)-(2"%y+ 23y +... . +zy" =0 (26)
From the equation (11), X" 2+y"2=() (27)
From the equation (12), X" 2+y"2=() (28)
From the equation (13), (x/y)"-(xly)=2 (29)
From the equation (14), (yx)"-(y/x)=2 (30)

From the equation (3), collect the equations (17) and (18).
There are more equations, similar to (3), (4), (15), (16), (17), (18). Those are not derived here.
So, x or y or z will have no integral values from the above equations when fmin=0.

Then we conclude that z"-x"-y"=fmin£0, or, X"+y"-z"=fmin#0 for the positive integral values of x,
y,zand n>2. [Examples: (i) 7°-63-5°=2=Fmin#0, (ii) 9°+10°-12°=1=Fminz0.]

Hence x, y, z will have no positive integral solution for n>2.

It is completing the proof of Last Theorem of P. Fermat by algebraic method.
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Abstract:

An elementary proof of the last theorem of the French Mathematician P. Fermat, x" + y" = z,,",
has been discussed in the paper by geometrical method. For n = 2, the equation X2 + y2 = 7,5,
represents right angle triangle. For any value of n, it is obtained that z, ., < z,+1 <z, < zp.1<
Zn-2......< 23, 0Or 23 > 23 > 24 > Zs...etc (proof is given below). These are shown in fig.1(a) and
fig.1(b). [Example:- 20%+21%=29% Then, 203+ 213 = 17261 < 29°]

AMS Subject Classification No: 11D41

Theorem: In the equation, x" +y" = z,", there is no solution when x, y, z, and n > 2 are positive
integers.

Proof of z,,2<2,+1<2,<2,.1<2,.2...< 23, OF 25 > 23 > 24 > Zs....etc(stated in abstract):
_ 2 2,\1/2 _ 3 3,1/3 _ n n\1/n n+r n+ry\1/(n+r
Let, z,=(x"+y")7"", z3=(x"+y )7 ,..zn=(x +Vy ) )( )

; y Zner = (X 4y
n+s n+s\1/(n+s
Zoas= (X" ) ks s and 2y, < 204, O,

’

/(n+r) n+s n+s\1/(n+s)
(Xn+r+yn+r)1 <(X +y ) )
n+r n+ry(n+s) n+s n+sy\(n+r)
Then (x' " +y' ") < (X" (a)
Asx<yory<xory=x, letx=myory=mxand m<1orm=1.Thenitis obtained from (a)

that, (1+mn+r)(n+s)<(1+mn+s)(n+r)’ or,

O<{(n+r)clms_(n+s)clmr}+ mn{(n+r)czm2$_(n+s)C2m2r}+

m>"{{"*Cam3s - (" Hem (b)

So it is obtained from (b) for m <1 or m =1 and any value of n, r, s, r > s that, LHS < RHS.
Hence, 2n+2<Zn+1<Zn<Zp.1<.<Zp,0r Zp > 73> 74> Zs...€tC.

Proof of the theorem: As it is proved that z,,; ,<zp, 4+ 1<2,<Z, . 1<...< 23, OF 2y > 23 > 24 > 75
...etc, then the following fig.1(a) and fig.1(b) can be drawn. Let OA=x, OD=p, DA=(x-p),
BE arc, AB = AE =y, OB = z,, OC = CB = z,/2, DE = z,,, CA = r,, and the angles ZOAB < 90°, £ DAE <
90° (for n > 2). Considering various values of p, it can be represented in accordance

Z3

(a) Fig.1 (b)

with the Fermat’s theorem, x" + y" = z," from the triangle AOAB and also (x - p)" +y" =z,"
from the triangle ADAE.



Then Zp < Zp and Zp >y. By applying Apollonius theorem to the triangle AOAB, it is obtained
that, XY =202+ 22 =2 (i)
Again by using ‘square rule’, [A’+B®=C?* A=(R?-5%),B=2RS,C=(R?*+S%),R> S,
the following relations can be written from (i):
x = (R:%-S:1?),y=2R;S1, Ry > Sy, 2, = (R2* - S° W2, riN2 = 2R,S,, Ry > S5, 2, = (Ry% + $4°)
= (R +S%), 0r (R2-R2)=(S2-S1?)=g,0r Ri?’=(R2+g) and Si*=(S*-g).
Then x=(R:i®-S1?)=(Rx2-S2) +29 =29 + Zo/\2,......(1)
or, 20 =X - Zy/ N2 (1).
Putting this value of (1), it is obtained that
(2g+zN2) " +y'=2z,".......... (2)
So it is determined by the value of 2g from ( 1 ) and ( 2 ) whether X, y, n and z, will be
simultaneously integers or not.

To obtain the possible integral values of x and z, from (1), there may be a value of
29 = (p - g/V2), where p and q are integers.
Then it is obtained from the equation ( 1) that, (X-p)=(zn-q)N2..o. (i1)
(P—XZn—7,p—y),(pP=X,20=2=Y=q)
When p =x and q =z, at (ii), then (x - p )" +y"=2,", or0+y"=2,", or, z,=y. Butz, >y
for validity of Fermat’s equations.
So x> pand z, > g. Then z, will not be integer from (ii) for x > p.
[ Example:- Letx =3,y =5and p =1, 2, 3. Then it can be written,
3"+5"=z"and (3-p)"+5"=2z,".
For p = 1, the Fermat's equation, (3-1)"+5"=z,", or, 2" + 5" = z," is valid, z, > y.
For p = 2, the Fermat's equation, (3-2)"+5"=z,", or, 1"+ 5" =z," isvalid, z, > y.
For p = 3, the Fermat's equation, (3-3)"+5" =z,", or, 0 + 5" = z," is invalid. Thenz, =5 =Y.
Againlet (x-p)=3,4,5,..etc. Then3"+5" =z, 4"+5"=7", 5"+5"=2,",
6" +5"=2z,",.....etc.
So x > p and z, > z, > y for validity of the Fermat's equations. ]
Hence x or y or z, or n > 2 is not integer from the equations (1) and (2) for any value of 2g.
It proves the last theorem of P. Fermat by geometrical method.
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