Collatz conjecture
Collatz conjecture is a well-known conjecture of the number theory. The reason for its reputation is apparently because it sounds so simple in a first glance, yet nobody has succeeded to prove it mathematically.
The conjecture states the following:
Take a natural (positive integer) number. If it’s odd, multiply by 3 and add one. If even, divide by 2. Repeat this process for the obtained number, and so on again and again. No matter what number you have started from, after a finite number of steps you will get a closed loop of the numbers -1-2-4-1- that repeats infinitely.
Mathematically formulated:


This conjecture can also take the following form: start from a positive odd integer. Multiply by 3 and add 1. Divide by 2 as many times as needed to get an odd number again. Repeat this process infinitely. If you write only the odd numbers, after a finite number of steps you will get the number -1- that repeats infinitely.
Proving this conjecture should overcome the following difficulties:
1) Sometimes the loop is converged to -1- only after a long chain of apparently looking random numbers (from now on, let us write only the odd numbers). After the number 19 the following chain appears:
[image: ]
	But after 27, 
[image: ]
2) The conjecture does not hold for negative numbers, e.g.
[image: ]
	Or
[image: ]
3) The conjecture does not hold for another recursion rule, e.g.

Where the series may converge to -1-, -5-, -19-31-49-19- or -23-37-29-23-.

Solution
If we will prove that for every initial number, the series reaches a smaller number in a finite number of steps, the solution will become much simpler.
Let us define the following terms:
nm – multiplication steps – the number of times we multiply by 3 and add 1.
nd – division steps – the number of times we divide by 2.
ndi – the number of division steps right after the i-th multiplication step. Since we get an even number after every multiplication step, ndi≥1.
For example, take

This sequence contains 3 overall multiplications and 5 divisions: 1 multiplication – 1 division – 1 multiplication – 1 division – 1 multiplication – 3 divisions.
Chain: every term of the chain  is the number of consecutive division steps from the last multiplication step until the next odd number, except of the last one, which can be equal or less than the number of consecutive division steps until the next odd number.
Series: the values  obtained in a chain. All these values must be odd numbers, except of the last one, which can be an odd or even integer. 
Sequence: the first chain that fulfills the condition .
For example: if the initial value is 7, the chains can be  (series: ),  (series: ),  (series: ) etc., but the only sequence is  (series: ), since .
p – proportion – the fraction of numbers that fulfill a certain rule. Out of every N consecutive odd numbers, exactly  of them fulfill the rule.
Claim A: let  (an odd integer) be the initial value of a series . If  (( is a sequence), then .
(This claim is correct only for the recursive rule  and not for the general case , therefore the Collatz conjecture is not true for recursive rules other than ).
Claim A1: claim A is true for .
Proof: if  then , since . The values of  that fulfill are of the form , therefore .
Claim A2.1: if  generates (is the initial value of) the sequence , then  generates the same sequence where  is an integer.
Proof: since the 1st term of the sequence is ,  is an odd integer. Then,

is an odd integer. Therefore, the first term of the sequence is . The same argument holds for all the next terms. For the last one:

is an integer, hence the last term of the sequence is . 
Claim A2.2: if  generates the sequence , then odd integers that generate the sequence  where  or  where  do exist.
Proof: according to A2.1, all initial values of the form  generate the sequence . The value of , obtained from the equation , is an odd integer for  of the 's, and therefore generates the chain . If , then  and therefore this chain is a sequence. Otherwise, the final value of the series  is an even number for ½ of the ’s. If the chain is , the series is . Since  , this chain is a sequence.
Claim A3.1: if claim A is true for , it is true for  where  and for  where .
Proof: if , then . According to A2.2, the series is:

If , then . According to A2.2, the series is:

Claim A3.2: if claim A is true for , it is true for  and therefore for every sequence of the same  and .
Proof: in the 1st series, starting from :

In the 2nd series, starting from :

 is a linear function of , namely , where  and  depend only on the values .
In the 1st series:


In the 2nd series:


Here,  and . Therefore,  and . Therefore,  (substituting  in the last equation brings into ).
Since every sequence of certain  can be obtained from another sequence of the same  by a finite number of similar steps (add 1 to  and subtract 1 from ), claim A is true for all sequences of certain  if it's true for one of them.
Therefore, claim A can be proved by induction:
· It's true for  (A1).
· If it's true for all sequences of a certain nm, it's true for all sequences of nm+1 (A3.1, A3.2).
 Claim A is true!
Claim B: for every positive number  there is a number  such that all numbers  generate sequences of  steps or less.
Claim B1: the proportion of numbers that generate sequences of exactly  steps fulfills the equation  where .
Proof: let nd be the smallest integer that fulfills

[image: ]
Every odd initial value with nm=1, nd=2 (except 1) reaches a smaller number after 1 multiplication and 2 divisions. The proportion of these numbers is 1/2: half of the odd numbers fulfill nm=1, nd=2 (all the numbers of the form 4n+1). Similarly, the proportion of numbers with any certain nd is  times the number of options (see below).
If nm=2 then nd=4, hence .  should be smaller than 2, or otherwise  already for nm = 1. The proportion of these numbers is    (all numbers of the form 16n+3).
If nm=3 then nd=5. There are two options:

Let us define  as the total number of options for this nd and  as the number of options where the last division step is . In this case, .
For nm=4:



Surprisingly, the calculation of  is not very difficult:
[image: ]
This table (table A) is drawn as follows:
The numbers in the 1st column are all 1. For every other number 
.
 is the number of cells in the row  which are not zero. Here, . For , if , then  and is increased by 1 in the next row.
The numbers in the 1st column are ; in the 2nd, , then  etc. For instance:

The proportion of numbers with a certain nd is the sum of  in this row multiplied by . Therefore, . Out of every 512 consecutive odd numbers, 12 numbers will reach a lower value in exactly 10 division steps.
 is the proportion of numbers that reach a lower value within i or less than i steps.  is therefore the proportion of numbers that don't reach a lower value within  steps.
[image: ]
It looks like  and , but we must prove that.
We draw the following table (table B) by the same rules as for table A except of the  rule, which is now  ( is increased by 1 in every row).
[image: ]




The  rule for the next table (table C) is:  is increased by 1 in the row only if is even (i.e. in every 2nd row).
[image: ]




In the general case:


The value of for table A is calculated as follows:



Now we can evaluate the ratio  :

[image: ]
For large values of nm (above 20), the average slope of this graph is indeed  and therefore where  is a constant number.
Claim B2: if the proportion of numbers that generate sequences of  steps is , then the proportion of numbers that generate sequences of  steps is  where .
Proof: let us define . The sum of proportions from nm to  is:

The sum for the next rows, from  to   is:

And so on – for  rows, the sum of proportions is half as the sum of the previous  rows and twice as the sum of the next rows.
If we will prove that for a certain  nm,  is  and the sum of the next  rows is , it will prove that the sum of all the rows is 1. The number , which is the proportion of the numbers that do not generate a sequence within nm multiplication steps, is equal to .
Claim B3: if , the proportion of numbers  that do not generate a sequence is zero.
Proof: for every range of N consecutive odd numbers, we can find a value of nm such that 

Namely, the number of odd numbers that do not generate a sequence within nm steps is less than 1. In other words, all the numbers in this range do generate a sequence within nm steps or less. 
And we can find such a number – for nm = 54 we get . The proportion of the next rows is  , of the next -  etc. It means that all odd numbers less than  reach a lower value within less than 54 steps. Empirically, we can find that the maximal number of steps in this range is 51, for the initial value 703.
Similarly, for nm = 102 we get  . All odd numbers less than  reach a smaller number within less than 102 steps (empirically, 85 steps for 35655). Conclusion:  for every series of N consecutive numbers exists a finite value nm such that all of them will reach a lower value within less than nm steps.
the rest of the proof can be made by induction:
Suppose we have a series of consecutive odd numbers from 1 to N that all of them converge to 1. The next odd number N+2 reaches a lower value within a finite number of steps. This value has be one of those numbers and therefore converges to 1 as well. This argument holds for N+4 etc., therefore all numbers will converge to one for high enough nm.
QED
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nm nd  

1 2 1

2 4 1 0

3 5 1 1

4 7 1 2 0

5 8 1 3 3

6 10 1 4 7 0

7 12 1 5 12 12 0

8 13 1 6 18 30 30

9 15 1 7 25 55 85 0

10 16 1 8 33 88 173 173

11 18 1 9 42 130 303 476 0

12 20 1 10 52 182 485 961 961 0

13 21 1 11 63 245 730 1691 2652 2652

14 23 1 12 75 320 1050 2741 5393 8045 0

15 24 1 13 88 408 1458 4199 9592 17637 17637

16 26 1 14 102 510 1968 6167 15759 33396 51033 0

17 27 1 15 117 627 2595 8762 24521 57917 108950 108950

18 29 1 16 133 760 3355 12117 36638 94555 203505 312455 0

19 31 1 17 150 910 4265 16382 53020 147575 351080 663535 663535 0

20 32 1 18 168 1078 5343 21725 74745 222320 573400 1236935 1900470 1900470
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nm nd o p

S

p 1-

S

p

1 2 1 0.5 0.5 0.5

2 4 1 0.125 0.625 0.375

3 5 2 0.125 0.75 0.25

4 7 3 0.046875 0.796875 0.203125

5 8 7 0.054688 0.851563 0.148438

6 10 12 0.023438 0.875 0.125

7 12 30 0.014648 0.889648 0.110352

8 13 85 0.020752 0.9104 0.0896

9 15 173 0.010559 0.920959 0.079041

10 16 476 0.014526 0.935486 0.064514

11 18 961 0.007332 0.942818 0.057182

12 20 2652 0.005058 0.947876 0.052124

13 21 8045 0.007672 0.955548 0.044452

14 23 17637 0.004205 0.959753 0.040247

15 24 51033 0.006084 0.965837 0.034163

16 26 108950 0.003247 0.969084 0.030916

100 159 7.52E+41 2.06E-06 0.999965 3.45E-05

101 161 2.31E+42 1.58E-06 0.999967 3.29E-05

102 162 7.63E+42 2.61E-06 0.99997 3.03E-05

103 164 1.85E+43 1.58E-06 0.999971 2.87E-05

104 165 5.79E+43 2.48E-06 0.999974 2.63E-05

105 167 1.36E+44 1.45E-06 0.999975 2.48E-05

106 169 4.17E+44 1.12E-06 0.999976 2.37E-05

107 170 1.38E+45 1.85E-06 0.999978 2.19E-05

108 172 3.36E+45 1.12E-06 0.999979 2.07E-05

109 173 1.05E+46 1.76E-06 0.999981 1.9E-05

110 175 2.47E+46 1.03E-06 0.999982 1.79E-05

111 176 7.62E+46 1.59E-06 0.999984 1.63E-05
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nm\nj 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 1 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 1 3 5 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0

5 1 4 9 14 14 0 0 0 0 0 0 0 0 0 0 0 0 0

6 1 5 14 28 42 42 0 0 0 0 0 0 0 0 0 0 0 0

7 1 6 20 48 90 132 132 0 0 0 0 0 0 0 0 0 0 0

8 1 7 27 75 165 297 429 429 0 0 0 0 0 0 0 0 0 0

9 1 8 35 110 275 572 1001 1430 1430 0 0 0 0 0 0 0 0 0

10 1 9 44 154 429 1001 2002 3432 4862 4862 0 0 0 0 0 0 0 0

11 1 10 54 208 637 1638 3640 7072 11934 16796 16796 0 0 0 0 0 0 0

12 1 11 65 273 910 2548 6188 13260 25194 41990 58786 58786 0 0 0 0 0 0

13 1 12 77 350 1260 3808 9996 23256 48450 90440 149226 208012 208012 0 0 0 0 0

14 1 13 90 440 1700 5508 15504 38760 87210 177650 326876 534888 742900 742900 0 0 0 0

15 1 14 104 544 2244 7752 23256 62016 149226 326876 653752 1188640 1931540 2674440 2674440 0 0 0

16 1 15 119 663 2907 10659 33915 95931 245157 572033 1225785 2414425 4345965 7020405 9694845 9694845 0 0

17 1 16 135 798 3705 14364 48279 144210 389367 961400 2187185 4601610 894757515967980256628253535767035357670 0

18 1 17 152 950 4655 19019 67298 211508 600875 1562275 3749460 835107017298645332666255892945094287120 1.3E+08 1.3E+08
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nm\nj 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

5 1 3 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

6 1 4 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

7 1 5 12 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0

8 1 6 18 30 0 0 0 0 0 0 0 0 0 0 0 0 0 0

9 1 7 25 55 55 0 0 0 0 0 0 0 0 0 0 0 0 0

10 1 8 33 88 143 0 0 0 0 0 0 0 0 0 0 0 0 0

11 1 9 42 130 273 273 0 0 0 0 0 0 0 0 0 0 0 0

12 1 10 52 182 455 728 0 0 0 0 0 0 0 0 0 0 0 0

13 1 11 63 245 700 1428 1428 0 0 0 0 0 0 0 0 0 0 0

14 1 12 75 320 1020 2448 3876 0 0 0 0 0 0 0 0 0 0 0

15 1 13 88 408 1428 3876 7752 7752 0 0 0 0 0 0 0 0 0 0

16 1 14 102 510 1938 5814 13566 21318 0 0 0 0 0 0 0 0 0 0

17 1 15 117 627 2565 8379 21945 43263 43263 0 0 0 0 0 0 0 0 0

18 1 16 133 760 3325 11704 33649 76912 120175 0 0 0 0 0 0 0 0 0

19 1 17 150 910 4235 15939 49588 126500 246675 246675 0 0 0 0 0 0 0 0

20 1 18 168 1078 5313 21252 70840 197340 444015 690690 0 0 0 0 0 0 0 0

21 1 19 187 1265 6578 27830 98670 296010 740025 1430715 1430715 0 0 0 0 0 0 0

22 1 20 207 1472 8050 35880 134550 430560 1170585 2601300 4032015 0 0 0 0 0 0 0

23 1 21 228 1700 9750 45630 180180 610740 1781325 4382625 8414640 8414640 0 0 0 0 0 0

24 1 22 250 1950 11700 57330 237510 848250 2629575 70122001542684023841480 0 0 0 0 0 0

25 1 23 273 2223 13923 71253 308763 1157013 378658810798788262256285006710850067108 0 0 0 0 0

26 1 24 297 2520 16443 87696 396459 1553472 5340060161388484236447692431584 1.42E+08 0 0 0 0 0

27 1 25 322 2842 19285 106981 503440 2056912 73969722353582065900296 1.58E+08 3.01E+08 3.01E+08 0 0 0 0

28 1 26 348 3190 22475 129456 632896 2689808100867803362260099522896 2.58E+08 5.59E+08 8.6E+08 0 0 0 0

29 1 27 375 3565 26040 155496 788392 34782001356498047187580 1.47E+08 4.05E+08 9.63E+08 1.82E+09 1.82E+09 0 0 0

30 1 28 403 3968 30008 185504 973896 44520961801707665204656 2.12E+08 6.16E+08 1.58E+09 3.4E+09 5.23E+09 0 0 0

31 1 29 432 4400 34408 219912 1193808 56459042366298088867636 3.01E+08 9.17E+08 2.5E+09 5.9E+09 1.11E+10 1.11E+10 0 0

32 1 30 462 4862 39270 259182 1452990 709889430761874 1.2E+08 4.2E+08 1.34E+09 3.83E+09 9.73E+09 2.09E+10 3.2E+10 0 0

33 1 31 493 5355 44625 303807 1756797 885569139617565 1.59E+08 5.8E+08 1.92E+09 5.75E+09 1.55E+10 3.63E+10 6.83E+10 6.83E+10 0

34 1 32 525 5880 50505 354312 21111091096680050584365 2.1E+08 7.89E+08 2.71E+09 8.46E+09 2.39E+10 6.03E+10 1.29E+11 1.97E+11 0

35 1 33 558 6438 56943 411255 25223641348916464073529 2.74E+08 1.06E+09 3.77E+09 1.22E+10 3.62E+10 9.65E+10 2.25E+11 4.22E+11 4.22E+11

36 1 34 592 7030 63973 475228 29975921648675680560285 3.54E+08 1.42E+09 5.19E+09 1.74E+10 5.36E+10 1.5E+11 3.75E+11 7.97E+11 1.22E+12
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