Collatz  conjecture
Collatz conjecture is a well-known conjecture in the number theory field. The reason for its publication is probably because it sounds simple and easy to understand even for a 10-year-old child, yet no mathematician has ever been able to prove it.
The formulation of the conjecture is this:
Take a positive integer. If it's odd, multiply by 3 and add 1. If it's even, divide by 2. Repeat this process for the new number, and so on again and again. No matter what number you start with, you'll end up in a loop. - 1-4-2-1- repeating infinitely.
Mathematically formulated:


Another way to formulate the conjecture: start with a positive odd number. Multiply by 3 and add 1. Divide the resulting number by 2 as many times as it takes until you get an odd number again. Repeat the same process for the new number, and so on again and again. If you record only the odd numbers, you'll end up in an infinite loop that consists only of the number -1-.
First difficulty: sometimes you can get quite long loops before the series converges.9
7
11
17
13
5
1





25
19
29
11
17
13
5
1



27
41
31
47
71
107
161
121
91
137
103
155

233
175
263
















395
593
445
167
251
377
283
425
319
479
719
1079

1619


















2429
911
1367
2051
3077
577
433
325
61
23
35
53

5
1







Second difficulty: If you start with a negative odd number, the series can converge into a loop different from the series-1-4-2-1-, e.g. –(-5)-(-14)-(-7)-(-20)-(-10)-(-5)-(or if we record only the odd numbers from now on: -(-5)-(-7)- ).
Third difficulty: for an almost identical recurrence rule with one small difference, the series can converge into a different loop. For example, if the recurrence rule is

The series can converge to one of the following loops: -1-, -5-, -19-31-49-19-, -23-37-29-23-.
In principle, this kind of series (with a recurrence rule) can reach one of two situations: either converge into a closed loop, or rise to infinity. The reason why there is no third type is that this type of series, consisting only of positive integers, cannot go below 1 and cannot be chaotic (it cannot obtain an infinite number of values within a finite range).
Can the series go up to infinity?
When we take an odd number, multiply by  3 and add 1, we get an even number. Then  we divide it times by 2 until we get an odd number again.

There is a probability of   that , namely there is only one division until we get the next odd number. There's a probability of  that ,  that , etc.

The average value of  will be therefore

The average ratio between the n+1 and the n terms is 1, so the ratio between the first and the  terms is also 1. The series doesn't go up to infinity.
Converging into a closed loop
Therefore, the series converges into a closed loop. If the first term is , we get:

when  is the number of divisions by 2 between one odd number and the other.
After several multiplications and arrangements, we get:

Where  is the number of odd terms in a closed loop.
For different values of k Eq. (7) takes the forms:







Etc.
It's very easy to prove that if  , the only positive integer solution is . The solution for  is much harder.


The term  is a UFD (unique factorization domain). Therefore, for the expressions in Eqs. (9) and (10) to be equal, both their real and the imaginary parts should be equal.



Since  is a positive integer, it follows: . 
What about  ?
Substitute on the LHS:  and .



In the RHS substitute: 

Hence:



The only integer solution for these equations has to be .
We can repeat this process for larger  values. We will get longer expressions (see section 4 of the comments), but eventually the same result: the odd term is -1- and the fundamental loop is -1-4-2-1- which is endlessly repetitive, can't get any other solution.
QED
commentary:
1)If  then  is an imaginary number and we'll get different equations for the real and imaginary parts, which can lead to other solutions. For example, for :

There are solutions other than , for example: .
2) If the recurrence rule is of the type:

Where , Eq. (7) takes the form

And that equation may have solutions other than , e.g. for:


or

3) Let us define the recurrence rule as:

Here, the average ratio  is This number is greater than1,and indeed such a rule will bring the series to infinity.
4) For a loop of size, substitute on the LHS:
(24)          and   (k parentheses).
(25)                 
Where  .
Substitute on the RHS

And we'll get

Hence



Again, the only solution for a closed loop is .
