Back-Propagation is very simple.
Who made it Complicated ?
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Relu Sigmoid Softmax

Almost 6 months back when I first wanted to try my hands on
Neural network, I scratched my head for a long time on how
Back-Propagation works. When I talk to peers around my circle,
I see a lot of people facing this problem. Most people consider it
as a black-box and use libraries like Keras, TensorFlow and
PyTorch which provide automatic differentiation. Though it is
not necessary to write your own code on how to compute
gradients and backprop errors, having knowledge on it helps

you n understanding a few concepts like Vanishing Gradients, Saturation of
Neurons and reasons for random initialization of weights

Approach

Build a small neural network as defined in the
architecture below.
Initialize the weights and bias randomly.



Fix the input and output.
Forward pass the inputs. calculate the cost.
compute the gradients and errors.

Backprop and adjust the weights and bias accordingly

Architecture:
Build a Feed Forward neural network with 2 hidden
layers. All the layers will have 3 Neurons each.

1st and 2nd hidden layer will have Relu and sigmoid
respectively as activation functions. Final layer will
have Softmax.

Error is calculated using cross-entropy.

Initializing the network

I have taken inputs, weights and bias randomly
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Relu Sigmoid Softmax

Matrix Operation:

Wiin Wi Wiags
iy iy i3] X| Wi Wi Wi |+ by b ba| = [kl hlyy Al
Wit Wip Wajs

Relu operation:

relu = max(0, x)

(Aot Plown  Bloss | = [max(0,h1,y)  max(0,hlyg)  max(0,hlys)]

Example:
0.1 04 03
|01 02 07]x|03 07 07|+[1.0 1.0 1.0]=[135 127 18]
05 02 09

(Ao Blon  hlys | =[135 127 18]
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Relu Sigmoid Softmax

Matrix operation:

Wit Wi Wi
[hlowt Mlowz Ml | X| Woa Woie Wi |+ (b b b ] = [M2im1 M2 h2is)]

Wiait Wi Wag

Sigmoid operation:
Sigmoid = 1/(1 + ™)

[M20i1 H20u2 W23 | = [U(L+€7m) 1L +e72m2)  1(1 + e72m) ]

Sigmoid Operation

Example:
02 03 05
[135 127 18]x|03 05 07|+[1.0 1.0 1.0]=[273 276 4.001]
06 04 0.8

[h20u1 20 203 ] =[0.938 094 0.98]

Layer-3
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Relu Sigmoid Softmax

Layer-3 Neural Network

Matrix operation:

Wiun Wae Wus
[hzoutl h2ou h20ut3] X\ Wian Wi Waon |+ [bll bp bz3] = [Oinl Oin2  Ojns
Wisn Wi Wags

Softmax operation:

3
Softmax = ¢ /(Z g0ine

a=1

[Ooutl 00ut2 Oout3] = [eoml / (Zg=1 eoi"“) eomz/ (Z?;:l eoi"“) eoi"a/ (Zz=1 eoi"“)]

Example:
01 04 0.8
[0938 094 098]x]|03 07 02|+[1.0 1.0 1.0]=[18658 22292 28204
05 02 09

[Ooutt  Oouz  Oous] = [0.2698 0.3223  0.4078]



Edit1: As Jmuth pointed out in the comments, the
output from softmax would be [0.19858, 0.285509,
0.51583] instead of [0.26980, 0.32235, 0.40784]. I have
done a/sum(a) while the correct answer would be
exp(a)/sum(exp(a)) . Please adjust your calculations
from here on using these values. Thank you.

Analysis:

The Actual Output should be [1.0, 0.0, 0.0] but we got
[0.2608, 0.3223, 0.4078].

To calculate error lets use cross-entropy

Error:
Cross-Entropy:

3
crossentropy = —(1/n)( ), (i X 10g(Opui)) + (1 = y) X 1og((1 = Opui))))
i=1

Example:

Error = —((1 % 10g(0.2698) + 0 + 0 * log(0.3223) + 1 * log(1 — 0.3223) + 0 * 1og(0.4078) + 1 * log(1 — 0.4078))
Error = —10g(0.2698) — 1og(0.6777) — 10g(0.5922)
Error = +0.569858 + 0.16886 + 0.22753 = 0.985

Important Derivatives:

Sigmoid:


https://medium.com/@jmuth
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Sigmoid = 1/(1 + e™*)
o(1/(1 +e7))
0x
aSigmoid
0x

=1/(1+e*)X(1-1/(1+ e'x)*

= Sigmoid X (1 — Sigmoid

Derivative of Sigmoid

Relu:

relu = max(0, x)
d(relu)
ox

d(relu)
ox

ifx >0, l|

Otherwise,

0\

Derivative of Relu

Softmax:

Softmax = €%/( ) e*) = €1 /(e" +e* + €

a=1

d(Sof tmax)
Ox 1

= (e® X (€2 +e2))/(e" +e2 +¢e» )i



Derivative of Softmax

BackPropagating the error — (Hidden
Layer2 — Output Layer) Weights
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Let us calculate a few derivatives upfront so these become handy
and we can reuse them whenever necessary. Here are we are
using only one example (batch_size=1), if there are more
examples, We just need to average everything.

0E, _ 9(=1*(( *10g(Opur) + (1 — y1) * 10g((1 — Opun ))‘

00 ,un1 00 pur1
oE,
=—1%((y; * (1/Opu1) + (1 = y1) * (1/(1 = Opys1))
aooutl
By symmetry we can calculate other derivatives also
- oE
aOmul _1 * ((yl * (1/00111'1) + (1 = )’1) * (1/(1 = Ooutl ))
9
o | = [ 1% (2 % (110,2) + (1 = 32) % (11 = Opy))
OF; —1 % ((y3 * (1/Opus3) + (1 = y3) % (1/(1 = Opyp3))
- aOouB -

In our example,



[ 0By ] - -
aooml — 3 .70644
oE, - 55
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Next let us calculate the derivative of each output with respect
to their input.

00, 0(e%n [(e0m + €O 4 €O ))|
aoinl aOinl

aOoutl

— (eoinl X (eoin?. + eOin3 ))/(eoinl + eoinZ + eoin3 )i
00

By symmetry we can calculate other derivatives also

i a0 at] i -
aoo‘.;l (eoinl X (eoinZ + eoin3 ))/(eoinl + eoin2 + eoin3 )2
% — (eoinZ X (eoinl + eoin3 ))/(eoinl + eoin2 + eoin3 )2
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0001‘:3 (e0m3 X (eoinl + eoin2 ))/(eoin] + eoin2 + eOin3 )2 i
- 60,-,,3 -

In our example,

aooml | _

30 0.15911 |

a00:«2 e

222 =] 0.2040

00 yurs | 0.3685 |
- aOin3 -




values of derivative of softmax wrt output layer input .

For each input to neuron let us calculate the derivative with
respect to each weight. Now let us look at the final derivative.

60,-,,1 o a((hzoutl * u]jlkl) + (hzoutZ ¥ W.,2kl) - - (hzout?) * WJ3k1) cx bll)
oW1 Win
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By symmetry we can calculate other derivatives also

aoinl o 2 i -
aoinl - ==
. = 0.94
60,-,,, _hzout3 2 L, 0.98 R
L 0Wpa3y;
T aoinZ y e
W h2,,1 0.938
aoin2 - —
00 | W25 1 L 098 |
L W
i aoirﬁ y e
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003 | W25 1 L 098 |
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Finally Let us calculate the change in



Wil

Weight from k1 to I1 neuron
Which will be simply

3E,
OWiin

Derivative of error wrt weight

Using Chain Rule:

oE, 0E, . 90.un

aOin 1

Wit 004y 00iy

Chain rule breakdown of Error derivative

oWiin

By symmetry:
O, [ 22 0B 9o 00 9B 4 90wz . 90 0B 4 %Oun o 0us
W Wy Wi 00 5un 00im oWy 00,u2 00in2 Wi 00 3 00in3 Wi
OE (%)) OE: OE. a0 d0 OE, 90,0 20 OE; 20, 00,3
5W = 1 2 3 - 1 * outl inl 2 * our2 * in2 3 * out3 * in3
K OWiann OWian Wian 90 unt 90inm Wian 90,un2 00in Wian 00,us3 003 Wi
OE, 223 2 9B . 900w 00 oE, Oz o 90in2 OE3 9003 o 903
Wiy Wiz Wi 00 un 00:m OWay 00 ur2 00in2 OWiap 00 pu3 00in3 0Wian
.
All of the above values are calculated before. We just need to

substitute the results.

6 Wk211 6 WkZlZ 5Wk213

—3.7064 * 0.1591 % 0.94

5Wk111 5Wk”2 5Wkll3 —3.7064 % 0.1591 % 0.938
6Wk1 s =

Wian  Wiap  Wian
—-0.5531

= [ —0.554347

—0.577937

Example: Calculation of all the values

—3.7064 = 0.1591 % 0.98

—-0.0576
—-0.0577
—0.06017

—0.301 % 0.204 % 0.938
—0.301 % 0.204 = 0.94
—0.301 % 0.204 = 0.98

—0.5836
—0.5849
—0.6098

—1.6886 * 0.3685 % 0.938
—1.6886 = 0.3685 * 0.94
—1.6886 * 0.3685 x 0.98



Considering a learning rate of 0.01 we get our final weight
matrix as

Wian — Ur * 6Win)  Wiap — Ur* 6Wyp) Wi — (Ur * 6Wy3)
Wi =| Wian — Ur* W)  Wign — Ur x 6Winp)  Wigs — (Ir x 6Wiy3)
Wian = Urx 6Wia)  Wigp — (Irx 6Wiap) Wi — (Ir  6Wiaps)

0.1 —(0.01 x —0.5531) 0.4 — (0.01 x —0.0576) 0.8 — (0.01 % —0.5836)
Wkl =1 0.3 - (0.01 % —0.554347) 0.7 —(0.01 %= —0.0577) 0.2 — (0.01 % —0.5849)
0.5 - (0.01 * —0.577937) 0.2 —(0.01 —0.06017) 0.9 — (0.01 % —0.6098)

0.105531 0.400576  0.805836
Wu =] 0.30055 0.700577  0.2005849
0.5005779 0.2006017  0.9006098

Modified weights of kl neurons after backprop

So, We have calculated new weight matrix for W__{kl}. Now let
us move to the next layer:

BackPropagating the error — (Hidden
Layerl — Hidden Layer 2) Weights
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Let us calculate a few handy derivatives before we actually
calculate the error derivatives wrt weights in this layer.



Example: Derivative of sigmoid output wrt layer 2 input

ahzoul‘l

0h2;,,

0h2u1
o0h2;
0h2 ..
0h2;
6h20m3

In our example:

ahzom]
ahzin 1
ah2ou!2
ahzinZ
ah20m3

L ah2in3 =

14 ahzin3 -

ah2out1

_ 0Sigmoid(h2;,;)

= Sigmoid(h2;,;) * (1 — Singid(hzinI#

Sigmoid(h2;,,) * (1 — Sigmoid(h2,;,,))
Sigmoid(h2;,,) * (1 — Sigmoid(h2,;,,))
Sigmoid(h2;,,) * (1 — Sigmoid(h2,;,;))

Sigmoid(2.73) % (1 — Sigmoid(2.73))
=| Sigmoid(2.76) % (1 — Sigmoid(2.76))
Sigmoid(4.001) = (1 — Sigmoid(4.001))

0.058156 |
0.0564
0.0196 _

For each input to neuron let us calculate the derivative with
respect to each weight. Now let us look at the final derivative

0h2;y;  O((Mlpun * Wingy) + (hloun * Wj2k1) + (hlys * Wj3k1) + by )
Wi Wik

oh2;,

—L = Al

OWik1

Derivative of layer 2 input wrt weight

By symmetry we can calculate:



[ 0h2;, ]
o 1. 1.35
ahzml Ik i
s | = | Mo | =127
ahzml _hloutS = & 1‘8 al
L 0Wpi |
I ah2in2 ]
Wit Kl 1.35
oh2;,» i -
0h2in2 Aoz ] L 1.8
| OWan
i ahzin3 il
Wi BL 1.35
ah2ms =t S
0h2;3 _hloutS il L 1.8 i
L W33 |

Values of derivative layer 2 input wrt of weight

Now we will calculate the derivative of
Wia|
Wik

weight from j3 to k1

which will be simply.



aEtotal
IWis

Derivative of Error wrt weight j3-k1
Using chain rule,

aEt‘otal aEtotal i ahzoutl % ah'2inl|

Wiy 020 Oh2y; Wiy

chain
rule of derivative of error wrt weight

By symmetry we get the final matrix as,
aEmml aEmml aEmml aEmml ahzourl oh 2in 1 aEmm[ ahzoul?. 0h2in2 aEmmI ahzouﬂ ahzinS
oW1z W2 OWjiia 0h24n1 0h2in Wi 0h2,u12 0h2ip Wi 0h25u13 0h2in3 Wiia
5W = aEmml aEmml aEmm! = aEmmI * ahzourl ah2in] aEmm[ 5’12”,‘,2 * ahzmz 0Emm[ ahzom? * ahzm}
Jk Wi oWz OWpia 0h2 51 0h2;y OWjoiy 0h2u2 0h2;, Wpia 0h2,3 0h2;,3 OWpia
aEmmI aEmml aEmml aEmmI ahzoml 0h2;y 1 OEipal 0h2au12 0h2,,,2 OE otal ahzour} 0h2,~,, 3
Wik OWsip Wiz 0h2un 0h2in; W3k 0h2pu2 0h2in Wi 0h20u3 0h2;n3 Wiz

final matrix of derivatives of weights_{jk}

We have already calculated the 2nd and 3rd term in each
matrix. We need to check on the 1st term. If we see the matrix,
the first term is common in all the columns. So there are only
three values. Let us look into one value

OE i _ OE; + oE; 2 OE;
ahzoutl ahzoutl ahzoutl ahzout 1

Breakdown of error.

Lets see what each individual term boils down too.



oE 1 oE 1 aooutl aoinl
— * X
ahzoutl aOoutl aOin 1 ahzout 1
6E2 - aEZ % aooutZ % aOin2
ahzoutl aOout2 aoin2 ahzout 1
6E3 - aE3 % aoout3 % aOin3
ahzoutl aOout3 a0in3 ahzout 1

breakdown of each error derivative

by symmetry we get the final matrix as,

aEmml
ahzour 1
aEmml
ah2our2
aEmtal
ahzaur}

0E] * aOoml * aoinl ) +( aE2 aonu!Z aOin'.’ aE’j aOourS aoin3
00 pun 00 ahzom’l 00 52 002 ahznull 00 pus3 003 ahznurl
9B * 900u1. * 0im_ )+ 9B * 900 * 0w )+ 9B * 9003 * i3
aooutl 90 inl ahzauﬂ aoourZ aoin?. a"201112 0001413 aoin?l ah2mu2

0E] aoourl aoinl aEZ aouufl aOinZ aES aoour3 a0in3
aOoml aOr‘nl & ah2our3 ) + ( 300ur2 * 00y & 5]120“,3 00 pus3 00,3 * ah2mu3 )

Again the first two values are already calculated by us when
dealing with derivatives of W__{kl}. We just need to calculate the
third one, Which is the derivative of input to each output layer
wrt output of hidden layer-2. It is nothing but the
corresponding weight which connects both the layers.

Derivative of input of output layer wrt hidden layer -2

aOinl 60,',,2 001'113 i
oh 2014: 1 oh zom 1 ahzour 1
aoinl aoinZ aom3 —
ah20z112 ahzou(?. ah2011r2
aomf 50:'::2 00:’»3

L. ahzomB ah20m3 ahzour.’; -

Win Wi Wuan
Win Win Wans
Wisn Wian Wi




aElam{ aEl aOoul! aEZZ aoaw’l a0014:3

e — % * W, + * * W, + * W,
o 0. F o F Wan) (55"~ ¥ 55~ *Waun) (52 ao — % oo % W)
aEIara{ aEl aoour) aE7 aoam’l 600“,3

— | = ¥ —— % k —— % %

e 0. ¥ 0. * Wen) + (55 20, ¥ Wian) + (5 ao —* 2o, ¥ Wian)
aE{uml aEl dooml aE2 6001112 aoouﬁ

ah20m3 aOourl % 60 * Wk3ll) + (aoout;’ " aoin ® Wk312) + (00 ut3 aoinS * Wk2l3)

Final Matrix of derivative of total error wrt output of hidden layer-2

All Values are calculated before we just need to impute the

corresponding values for our example.

- (~3.70644 % 0.15911 * 0.1) + (14755 x 0.2040 x 0.4) + (£1.6886 % 0.3685 = 0.8)
ool | = |[(=3.70644 % 0.15911  0.3) +(=1.4755 % 0.2040  0.7) -+{(~1.6886 * 0.3685 * 0.2)
O (—3.70644  0.15911 * 0.5) -+ (—1.4755  0.2040 * 0.2) +(~1.6886 * 0.3685 * 0.9)
0h2,.n
(—0.0589) + (—0.2383) + (—0.5931) —0.8903
= (~0.1769) + (=0.417) + (~0.14828) | = | —0.74218
(—0.2948) + (—0.119) + (—0.667) ~1.0810

calculations using an example

Let us look at the final matrix

aEmml aEmmJ oEmml aEwml ahznml * oh 2in 1 aElolal 5h2amz * 0’12,,,5 aEram[ ah2nur§ * ah2,~,,3
avvjlk] a“’j]kz avvjlk} dhzmlr! ahzml aVVj!kl ahzmu2 ahzml o“/]lkl ahz/mlS 6h2m" a“/jlk_'i
0Emrat "Emlal aEmml aEmml ahZ T loutl ahzinl aEruml oh2 out2 ahzl 2 aEmtal oh2, eou3 0’12;,,3

g = == s———— — = = % X — O g ——s g e — X *
5W/Jk Wi Wpin W3 Mpr Oy Wy 0h2,, 0h2;n Wi 0h2 0,3 0h2;3 OWna
aEmmf aEmml aEmml aEwml 0h2 lourl * ahzinl aE/oml ﬁhZ ur * 3h2m2 aEmml ahZ o3 * ah2i113
Wi Wiz Wpa ahznml M2y Wy ah20mz 0h2;, Wjap s ahz; i OWjis

Our final matrix of derivatives of Weights connecting hidden layer-1 and hidden layer-2

In our example,



—0.8903 % 0.058156 % 1.27 —0.74218 % 0.0564 « 1.27 —1.0810 % 0.0196 = 1.27

—0.8903 % 0.058156 « 1.35 —0.74218 % 0.0564 = 1.35 —1.0810 % 0.0196 * 1.35
5"ij =
—0.8903 % 0.058156 x 1.8  —0.74218 * 0.0564 « 1.8  —1.0810 % 0.0196 = 1.8

—-0.06575 -0.05316 —0.0269

—0.06989 —0.0565 —0.0286
5“’1']( =
-0.0932 -0.0753 -0.03813

Calculations from our examples

Consider a learning rate (Ir) of 0.01 We get our final Weight
matrix as

Wit — Ur % 6Wjiin) Wi — (Ir x Wjie)  Wina — (Ir x 6Wjii3)
Wie =| Wt — Ur % W)  Wino — (Ir x W) Wigs — (Ir * 6Wn3)
Wiag — Ur % 6Wpg)  Wiao — (Ir ¥ W) Winig — (Ir x 6Wjzis)

0.2 - (0.01 * —0.06989) 0.3 — (0.01 % —0.0565) 0.5 — (0.01 = —0.0286)
Wy =1 0.3 —(0.01 * —0.06575) 0.5 — (0.01 x —0.05316) 0.7 — (0.01 x —0.0269)
0.6 — (0.01 x —0.0932) 0.4 — (0.01 - 0.0753) 0.8 —(0.01 = —0.03813)

0.2006989  0.300565 0.500286
Wy =10.3006575 0.5005316 0.700269
0.600932  0.400753 0.803813



