
Back-Propagation is very simple. 
Who made it Complicated ?   

   
Almost 6 months back when I first wanted to try my hands on   

Neural network, I scratched my head for a long time on how   

Back-Propagation works. When I talk to peers around my circle, 

I see a lot of people facing this problem. Most people consider it 

as a black-box and use libraries like Keras, TensorFlow and 

PyTorch which provide automatic differentiation. Though it is 

not necessary to write your own code on how to compute 

gradients and backprop errors, having knowledge on it helps   

you in understanding a few concepts like Vanishing Gradients, Saturation of   
Neurons and reasons for random initialization of weights   

Approach   

• Build a small neural network as defined in the 

architecture below.   

• Initialize the weights and bias randomly.   



• Fix the input and output.   

• Forward pass the inputs. calculate the cost.   

• compute the gradients and errors.   

• Backprop and adjust the weights and bias accordingly   

Architecture:   

• Build a Feed Forward neural network with 2 hidden 

layers. All the layers will have 3 Neurons each.   

• 1st and 2nd hidden layer will have Relu and sigmoid 

respectively as activation functions. Final layer will 

have Softmax.   

• Error is calculated using cross-entropy.   

Initializing the network   

I have taken inputs, weights and bias randomly   

   



   

  
  



   
Matrix Operation:   

   
Relu operation:   

   
Example:   

   



   
Matrix operation:   

   
Sigmoid operation:   

   
   
Sigmoid Operation   

Example:   

   

Layer-3   



   

   
Layer-3 Neural Network   

Matrix operation:   

  
Softmax operation:   

   
Example:   

   



Edit1: As Jmuth pointed out in the comments, the 

output from softmax would be [0.19858, 0.28559, 

0.51583] instead of [0.26980, 0.32235, 0.40784]. I have 

done a/sum(a) while the correct answer would be 

exp(a)/sum(exp(a)) . Please adjust your calculations 

from here on using these values. Thank you.   

Analysis:   

• The Actual Output should be [1.0, 0.0, 0.0] but we got 

[0.2698, 0.3223, 0.4078].   

• To calculate error lets use cross-entropy   

Error:   

Cross-Entropy:   

   
Example:   

   

Important Derivatives:   
   

   
Sigmoid:   
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Derivative of Sigmoid   

Relu:   
   

   
Derivative of Relu   

Softmax:   
   

  



   

Derivative of Softmax   

BackPropagating the error — (Hidden 

Layer2 — Output Layer) Weights   

   
Let us calculate a few derivatives upfront so these become handy 

and we can reuse them whenever necessary. Here are we are 

using only one example (batch_size=1), if there are more 

examples, We just need to average everything.   

   
By symmetry we can calculate other derivatives also   

   
In our example,   



   
Next let us calculate the derivative of each output with respect 

to their input.   

   
By symmetry we can calculate other derivatives also   

   
   

   

In our example,   

   

   



values of derivative of softmax wrt output layer input .   

For each input to neuron let us calculate the derivative with 

respect to each weight. Now let us look at the final derivative.   

   

By symmetry we can calculate other derivatives also   

   

Finally Let us calculate the change in   

   



   
Weight from k1 to l1 neuron   

Which will be simply   

   

   
Derivative of error wrt weight   

Using Chain Rule:   

   

   
Chain rule breakdown of Error derivative   

By symmetry:   

   

All of the above values are calculated before. We just need to 

substitute the results.   

   

   
Example: Calculation of all the values   



Considering a learning rate of 0.01 we get our final weight 

matrix as   

   

   
Modified weights of kl neurons after backprop   

So, We have calculated new weight matrix for W_{kl}. Now let 

us move to the next layer:   

BackPropagating the error — (Hidden 

Layer1 — Hidden Layer 2) Weights   
   



  
   

Backpropagating errors to 2nd layer   

Let us calculate a few handy derivatives before we actually 

calculate the error derivatives wrt weights in this layer.   

   



   
Example: Derivative of sigmoid output wrt layer 2 input   

In our example:   

   

For each input to neuron let us calculate the derivative with 

respect to each weight. Now let us look at the final derivative   

   

   
Derivative of layer 2 input wrt weight   

By symmetry we can calculate:   



   

   
Values of derivative layer 2 input wrt of weight   

Now we will calculate the derivative of   

  
weight from j3 to k1   

which will be simply.   

   



   
Derivative of Error wrt weight j3-k1   

Using chain rule,   

   

  chain 

rule of derivative of error wrt weight   

By symmetry we get the final matrix as,   

   

 
final matrix of derivatives of weights_{jk}   

We have already calculated the 2nd and 3rd term in each 

matrix. We need to check on the 1st term. If we see the matrix, 

the first term is common in all the columns. So there are only 

three values. Let us look into one value   

   

   
Breakdown of error.   

Lets see what each individual term boils down too.   



   

   
   

breakdown of each error derivative   

by symmetry we get the final matrix as,   

   

Again the first two values are already calculated by us when 

dealing with derivatives of W_{kl}. We just need to calculate the 

third one, Which is the derivative of input to each output layer 

wrt output of hidden layer-2. It is nothing but the 

corresponding weight which connects both the layers.   

   

   
Derivative of input of output layer wrt hidden layer -2   



   

   
Final Matrix of derivative of total error wrt output of hidden layer-2   

All Values are calculated before we just need to impute the 

corresponding values for our example.   

 

Let us look at the final matrix   

   

   
Our final matrix of derivatives of Weights connecting hidden layer-1 and hidden layer-2   

In our example,   

   

    

    
calculations using an example    



  
   

Calculations from our examples   

Consider a learning rate (lr) of 0.01 We get our final Weight 

matrix as   

   

  
     

   

   


